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SUMMARY

Common image gather (CIG) extraction is an important proce-
dure for velocity analysis. Surface offset gathers (SOGs) pro-
vide longer and more reliable sampling of residual curvature
than other CIGs, such as angle gathers, particularly those from
deep events, which is useful for building the deep part of the
velocity model. SOGs are available after application of Kirch-
hoff depth migration to properly sorted seismic data cubes with
little extra cost, while it’s very costly to compute from wave-
equation (WE) migration directly. In this abstract, we apply
plane-wave encoding to improve the efficiency of SOG extrac-
tion from WE migration. Geometric analysis demonstrates the
equivalence of plane-wave SOGs and standard SOGs. Numer-
ical tests show that our proposed method can efficiently extract
SOGs with reliable residual moveout (RMO) information. We
also use plane-wave SOGs in WE tomography and compare
it with WE tomography based on plane-wave domain CIGs.
Preliminary inversion results show its potential in improving
subsalt velocity building.

INTRODUCTION

Common image gathers (CIGs) play an important role in mi-
gration velocity analysis. There are two major types of CIGs
used in the industrial ray tomography, including surface off-
set gathers (SOGs) and angle domain common image gath-
ers (ADCIGs). ADCIGs are less prone to geometric artifacts
and tackle complex propagation effects better, especially when
multi-pathing occurs (Xu et al., 2001; Stolk and Symes, 2004).
However, the maximum incident angle gradually decreases with
depth to small values for the deepest reflectors, which will de-
grade the accuracy of velocity estimation. On the other hand,
SOGs always contain the entire offset range and provide more
reliable residual moveout (RMO) information. Recent work
shows SOGs have better performance in subsalt tomography
(Yang et al., 2015).

SOGs are available directly from common offset Kirchhoff
depth migration without extra cost, while they are not straight-
forward to compute via WE migration. The conventional way
is to divide the recorded data into offset groups and migration
each group separately. This method is accurate but compu-
tationally very expensive. To improve the efficiency, Etgen
(2012) proposed using 3D wave-equation Kirchhoff migration
to extract SOGs. The method computes and saves the Green’s
functions from different surface positions, then it computes
the migration operator and applies the operator to sorted data
to form SOGs using saved Green’s functions. The computa-
tional cost is also very high and I/O is a big burden. Giboli
et al. (2012) adopted the idea of attribute migration to recover
the surface offset information after dividing the image of the

offset-scaled data by the image of the original data. Then
SOGs can be extracted from the common shot migration image
using the offset maps. The method needs only one extra mi-
gration in the 2D case and two extra migrations in the 3D case,
which is much more efficient than earlier methods. However,
it can’t provide correct surface offset information when the ve-
locity is wrong. Montel (2014) analyzed the kinematic behav-
ior of SOGs using attribute migration and found it’s different
from standard offset domain migration.

Previous work mainly concentrated on SOG extraction from
WE migration and used the RMO information with conven-
tional ray tomography, but not WE tomography. There are
some exceptions. Fleury et al. (2014) used SOGs from at-
tribute migration to WE tomography. Zhang et al. (2014) used
the conventional offset group method in WE tomography. How-
ever, all of them have either inaccuracy or inefficiency prob-
lems. In this work, we applied plane-wave encoding to de-
crease the computational cost without loss of accuracy. Stork
et al. (2002) mentioned to use plane wave encoding to gener-
ate SOGs, but they didn’t use it in WE tomography. Moreover,
we found that it’s possible to improve the efficiency further
by optimal selection of plane-wave values for different offsets.
The abstract is organized as follows: first, we review conven-
tional SOG extraction and introduce the plane-wave encoding
strategy. Then, we provide geometric analysis of plane-wave
SOGs. After the extraction part, we derive the formulas for
WE tomography using SOGs. At last, we show some numeri-
cal tests to demonstrate the effectiveness of the method.

THEORY

In this section, we will give the formulas of SOG extraction
from WE migration by offset groups and plane wave encoding,
analyse the geometric property of plane-waves in SOGs, and
derive SOG-based WE tomography operator.

Surface offset gather extraction

WE migration generates a subsurface image by cross-correlating
the source wavefield and receiver wavefield. The imaging con-
dition can be expressed in the frequency domain as follows,

I(x,xs) =
Z

S(x,ω;xs)R∗(x,ω;xs)dω (1)

where S(x,ω;xs) is the forward propagated wavefield from
source xs. Then, for a given shot xs, back-propagating all re-
ceiver traces at the same time yields the wavefield R∗(x,ω;xs),
where ∗ denotes the complex-conjugate. In this way, the cost
is reduced, but offset information is lost. By introducing the
single-trace wavefield R∗(x,ω;xr,xs) from source at xs and
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WET with SOGs

receiver at xr, we can rewrite equation 1 as,

I(x,xs) =
Z

S(x,ω;xs)
Z

R∗(x,ω;xr,xs)dxrdω (2)

A trivial way to compute surface offset gathers would be to
migrate each trace separately, and then to sort the images ac-
cording to the offset h = (xr−xs)/2. That is,

I(x,h) =
Z Z

S(x,ω;xs)R∗(x,ω;h,xs)dxsdω (3)

If we only consider the cost of reconstructing wavefields by
solving the wave-equation, the computational cost of equa-
tion 3 is about ns + nh ∗ ns times solving for the wave prop-
agation, which is a prohibitive task.

To improve the efficiency, we apply plane-wave encoding de-
fined as,

I(x,h) =
Z Z

S(x,ω;ps)R∗(x,ω;h,ps)dpsdω (4)

The computational cost is about np+nh∗np wave propagation
solutions.

Moreover, if we analyze the kinematic behaviour of plane-
wave propagation for a specific offset, we can find that only
some portions of plane-waves contribute to the final SOG. Fig-
ure 1 shows that only two plane-waves are needed in the sim-
ple case of two flat layers. We also find that even in the case
of a complex subsurface model, half the plane-waves needed
in the conventional plane-wave migration (Zhang et al., 2005)
are often sufficient.

Figure 1: Schematic diagram to show that only two plane-
waves are needed for extracting a SOG at 2 ·H in this simple
case.

Moveout analysis of plane-wave in SOGs

Suppose the blue line denotes the physical ray path when the
velocity is correct, α is the source take-off angle, d is the true
depth, c is the true velocity and h is the half offset from the
receiver to the source. The traveltime of the blue line is:

tc =
2d

c · cosα
(5)

The red line denotes another possible ray path with different
take-off angle θ and velocity v, z is the trial depth and H is the
half offset from the receiver to the source for the red trajectory.
The traveltime of the red line is:

tv =
2z

v · cosθ
(6)

Figure 2: Moveout analysis of plane-wave SOG.

As the blue source and the red receiver are not a real pair, they
have an added time shift because of plane-wave encoding. This
time shift is:

∆t =
2(H−h) · sinθ

v
(7)

The imaging condition means,

tc = tv−∆t (8)

After derivation using the triangle relationship, we get the depth
formula,

z =
d(ρ− sinα · sinθ)

cosα · cosθ
(9)

where ρ = v
c . To find the stationary point of the depth formula,

set ∂ z
∂θ = 0, then we get,

θ = arcsin(
sinα

ρ
) (10)

At that point,

z =
d

p
ρ2− sin2α
cosα

(11)

When the velocity is correct, θ = α , z = d, which means the
final SOGs are mainly derived from the plane-wave with the
correct take-off angle; other plane-waves will be stacked de-
structively.

For the common offset gather, we have
√

d2 +h2

c
=

√
z2 +h2

v
(12)

which gives,

z = ρ

s
d2 +

ρ2−1
ρ2 h2 (13)

using the relationship,

h = d · tanα (14)

gives,

z =
d

p
ρ2− sin2α
cosα

(15)

which is the same as Equation 11. It demonstrates that the
plane-wave method generates the correct RMO for SOGs even
if the velocity is incorrect.

A simple three-layer model is used to verify the previous deriva-
tions. Figure 3 shows the plane-wave gathers for half-offset
h = ±600m using a correct and wrong velocity. Red dotted
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WET with SOGs

(a) (b)

Figure 3: Plane-wave gathers when h = ±600m with (a) the
correct velocity and (b) the wrong velocity. Red dotted lines
show analytical curves given by Equation 11.

lines show the derived z(p) curve (i.e. Equation 11). They are
consistent with each other, which means our derivation is cor-
rect in the case of constant velocity and a flat layered structure.

Wave-equation tomography with SOGs

For the 2D case, set x = (z,x) and h = h in Equation 4. Af-
ter generating SOGs I(z,x,h), we can extract the RMO in-
formation by auto-picking or semi-auto-picking, then back-
propagate it to update the velocity model. To find the rela-
tionship between RMO ∆z and velocity v, we first define the
auxiliary objective function:

J(ζ ) =
X
zw

I(z+ zw,x,h;c)I(z+ zw +ζ ,x,h;v) (16)

for each z, x and h, where c is the true velocity, v is the trial
velocity, zw is the window size and ∆z is the depth residual
maximizing above objective function, that is,

∆z = argmaxζ J(ζ ). (17)

∆z satisfies the following equation,

g(∆z) =
∂J(ζ )

∂ζ
|ζ=∆z = 0 (18)

that is,

g(∆z) =
X
zw

I(z+ zw,x,h;c)
∂ I(z+ zw +∆z,x,h;v)

∂ z
(19)

Then, the WE tomography operator can be obtained using the
rule for an implicit function derivative (Luo and Schuster, 1991;
Almomin, 2011; Zhang and Biondi, 2013),

∂∆z
∂v

=−
∂g(∆z)

∂v
∂g(∆z)

∂∆z

≈−
P

zw

∂ I(z+zw,x,h;c)
∂c |v ∂ I(z+zw,x,h;v)

∂ zP
zw

I(z+ zw,x,h;v) ∂ 2I(z+zw,x,h;v)
∂ z2

(20)

where ∂ I(z+zw,x,h;c)
∂c is the WE tomography operator using the

Born approximation, which is well described for both the one-
way wave equation (Sava and Vlad, 2008) and the two-way
wave equation (Shen et al., 2012). It’s straightforward to ex-
tend above formulas to other common image gathers, such as
plane-wave domain and angle domain common image gathers.

Figure 4: Synthetic case showing (a) true velocity model and
(b) initial velocity model.

NUMERICAL TEST

In this section, a synthetic model is used to test WE tomog-
raphy with SOGs by plane-wave encoding. We also compare
the method with WE tomography using plane-wave domain
common image gathers (PIGs). Figures 4 (a) and (b) show the
true and initial velocity model. The true velocity model has a
rugged sea bottom and a thin salt layer, which makes subsalt
illumination poor and uneven. In order to demonstrate the ad-
vantage of SOGs in building subsalt velocity model, we design
an initial model, which has correct velocities above the salt and
a constant velocity under the salt. The constant velocity equals
to the salt velocity.

To compare SOGs with PIGs fairly, we use the same plane-
wave range and sampling rate. Besides, during the iterative
inversion, we use the same operators and the same related pa-
rameters. Figures 5 (a) and (b) show inverted velocity models
using SOGs and PIGs, respectively, after 10 iterations. Com-
pared with the true velocity model, WET with SOGs builds
better background velocity than PIGs does. The reason is that,
under the salt layer, SOGs provide longer and more reliable
RMO information, as indicated in the boxes of figure 6. Fig-
ures 7 (a) and (b) show SOGs and PIGs using their own in-
verted velocity models, as shown in figure 5. We can see that
both SOGs and PIGs have already been flattened mostly. How-
ever, if we compare their stack images with the stack image
using the true velocity model, as figure 8 shows, it’s easy to
find that the depth of subsalt layers in SOGs is much closer to
their true depth. Note that the vertical black lines in figure 8
indicate the position of SOGs and PIGs in previous figures of
this section.

CONCLUSION AND DISCUSSION

In this abstract, we applied plane-wave encoding to improve
the efficiency of SOG extraction and SOG-based WE tomog-
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WET with SOGs

raphy. Moveout analysis and numerical tests demonstrate the
equivalence of plane-wave SOGs and standard SOGs. We also
derived the formulas of RMO-based WE tomography and ap-
plied plane-wave SOG to velocity estimation. Preliminary com-
parisons between SOG-based WE tomography and PIG-based
WE tomography show that SOGs provide more reliable veloc-
ity update information in subsalt areas. More work is needed
to analyze the effect of geometric artifacts on SOG-based WE
tomography due to multi-pathing in complex areas.
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Figure 5: Inverted velocity model of WE tomography using (a)
SOGs and (b) PIGs.

Figure 6: Migrated gathers with the initial velocity model, in-
cluding (a) SOGs and (b) PIGs.

Figure 7: Migrated gathers with the inverted velocity model,
including (a) SOGs and (b) PIGs.

Figure 8: Stack images using (a) the inverted velocity model
by SOG-based WE tomography, (b) the inverted velocity
model by PIG-based WE tomography and (c) the true velocity
model.D
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