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3-D seismic data regularization based on
iteratively re-weighted least-squares inversion

Liu Yujin* Li Zhenchun Xue Zhiguang
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SummarySummarySummarySummary Regularization of irregular spaced seismic data is a crucial step of data processing. In this paper,

a data regularization method based on iteratively re-weighted least-squares inversion is proposed. The

method can eliminate the effect of bursty noise on the interpolated data. The weighting operator is introduced

to weight the data fit residual under Cauchy norm. Local plane wave model constraint is used as prior

information to make the process of inversion stable and interpolate the aliased data correctly. The inverse

problem is solved by the preconditioning conjugate gradient method with fast convergence. Parallel

processing along time slices for three dimensional data cube can promote the efficiency of three dimensional

data regularization further. Experimental results on theoretical model and real seismic data show that the

proposed method is fast, efficient and applicable.

KeywordsKeywordsKeywordsKeywords Three dimensional data regularization; B-spline; local plane wave model; preconditioning;

iterative re-weighted least-squares inversion

1111 IntroductionIntroductionIntroductionIntroduction
As the rapid development of three-dimensional

seismic exploration, Acquiring regularly

positioned data has become very difficult. While

most of conventional three-dimensional seismic

processing methods are specified to the regularly

sampled data, the irregularity of acquired data

will degrade the quality of seismic data

processing, especially Kirchhoff pre-stack

migration [5], multiple elimination [6] [7],

Common-azimuth migration[8][9] [10]and 4-D

seismic monitoring [11][12].

Many data regularization methods have been

proposed recently. One group of methods is

based on different types of integral (Kirchhoff)

continuation operators, which can be applied

directly for missing data regularization[13][15].

However, they do not behave well for

continuation at small distances because of limited

integration apertures and they are not well-suited

for interpolating neighboring records.

Additionally, they suffer from irregularities in

the input geometry like all integral

(Kirchhoff-type) operators. The latter problems
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can be solved by accurate but expensive

inversion to common offset (Chemingui, 1999).

Another group of methods is based on

non-uniform discrete Fourier transforms or

Radon transforms. This group of methods has

some attractive computational properties but has

serious limitation to interpolate noisy and aliased

data [17][18]. The third group of methods formulates

data regularization as an iterative optimization

problem with a convolution operator[1][2].

Convolution with prediction-error filters is a

popular choice for interpolating locally plane

seismic events [19]. The method has a

comparatively high efficiency, which degrades in

the case of large data gaps. Handing

non-stationary events presents an additional

difficulty. Non-stationary prediction-error

filtering leads to an accurate but relative

expensive method with many adjustable

parameters [21][22.

Fomel (2001, 2002) followed Claerbout’s

iterative optimization framework and extended it

to a general approach to iterative data

regularization using B-spline forward

interpolation and local plane-wave-destructor

filters for regularizing seismic images, which can

take nonstationarity into account with fewer

adjustable parameters and can interpolate aliased

data appropriately. In this paper, we proposed a

more robust data regularization method based on

iteratively re-weighted least-squares inversion.

Compared with Fomel’s method, it can deal with

noisy data better.

2222 TheoryTheoryTheoryTheory
Seismic data regularization can be regarded as

an optimization problem which aims at

minimizing the energy of error between the

observed data dddd and interpolated data mmmm under

some prior information. The inverse problem can

be described as:

0− ≈Lm dLm dLm dLm d (1)

0µ ≈DmDmDmDm (2)

Where LLLL denotes forward interpolation operator;

DDDD denotes regularization operator; equation (1) is

the data fit residual; equation (2) is the model
residual; µ denotes the trade-off parameter. In

the L2-norm sense, minimizing the following

objective function:

2 2

2 2
J µ= − +Lm d DmLm d DmLm d DmLm d Dm (3)

Where 2

2
* denotes L2-norm, the inverse problem

can be solved by conjugate gradient algorithm.

In order to eliminate the effect of bursty noise

on the interpolated data, minimizing the energy

of data fit residual under Cauchy-norm. The

objective function is changed to:

2 2

2cauchy
J µ= − +Lm d DmLm d DmLm d DmLm d Dm (4)

Where
2

2
2ln 1 i

cauchy
i

r

r

⎛ ⎞
= +⎜ ⎟

⎝ ⎠
∑rrrr (5)

Equation (5) is equivalent to introduce a

weighting operator related with model to the data

fit residual (Clearbout, 2009). Then equation (1)

is changed to:

( ) 0− ≈W Lm dW Lm dW Lm dW Lm d (6)

Where WWWW denotes weighting operator, which can

be expressed as:

2

2

1

1 i

diag
r
r

⎛ ⎞
⎜ ⎟
⎜ ⎟=
⎜ ⎟

+⎜ ⎟
⎝ ⎠

WWWW
(7)

Where r denotes adjustable parameter, we can
set it to be proportional to the median or some

other percentile of residual vector rrrr.

In order to accelerate the convergence rate of

iteration, the preconditioning operator PPPP (PPPP=DDDD-1)

is introduced and a new vector pppp is defined,
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satisfying the relation:

=m Ppm Ppm Ppm Pp (8)

The optimization problem becomes to:

( ) 0− ≈W LPp dW LPp dW LPp dW LPp d (9)

0µ ≈pppp (10)

The vector pppp can be solved by

conjugate-gradient algorithm as well, and the

regularly positioned data mmmm can be obtained by

substitution pppp to equation (8).

The crucial aspect of data regularization is

how to choose the appropriate forward

interpolation operator LLLL and regularization

operator DDDD (or corresponding preconditioning

operator PPPP). In this paper, we use B-spline

interpolation operator as forward modeling

operator LLLL, which exhibits superior performance

for any given order of accuracy in comparison

with other methods of similar efficiency

(Thenenaz, 2000). Moreover, we use

plane-wave-destructor (PWD) as regularization

operator DDDD, which exploits the connection

between the time axis (often full-sampled) and

the space axis (often under-sampled) with the

help of local dip spectrum estimated by PWD in

order to interpolate the aliased seismic data. The

regularization operator DDDD can be transformed to a

minimum-phase filter with a spectral

factorization algorithm, and then we can

implement the preconditioning operator PPPP with

high-efficiency recursive deconvolution in the

helical coordinate. More detail about spectral

factorization and helical coordinate are described

by Claerbout (2004, 2009) and Fomel (2001).

After choosing the appropriate forward

operator LLLL and regularization operator DDDD, we can

solve for mmmm iteratively based on Least-squares

(LS) or Iterative Re-weighted Least-Squares

(IRLS) inversion. In the next section, we will test

the effectiveness of IRLS inverse interpolation to

the noisy data using synthetic models and real

data.

3333 NumericalNumericalNumericalNumerical teststeststeststests
3.1 1-D signal test

In the first example, the input data were

random sub-sampled (with decreasing density)

from a sinusoid containing some random

distributed bursty noise. Figure 1(a) is the

sinusoid signal with 200 samples; Figure 1(b) is

the input signal with 81 samples. The forward

operator LLLL in this case is linear interpolation. The

target is to seek a regularly sampled model on

200 grid points that could predict the data with a

forward linear interpolation. Sparse irregular

distribution of the input data makes the

regularization enforcement a necessity. The

regularization operator DDDD is the 3-point

prediction error filter (Claerbout, 2004). Figure

1(c) is the interpolation results based on LS

inversion after 5, 10, 20, 50, 500 iterations, while

Figure 1(d) is the interpolation results based on

IRLS inversion after 5, 10, 20, 50, 500 iterations.

Compared with these two interpolation results,

we can easily see that the interpolation results

based on LS inversion are ruined by the bursty

noise severely, but the method based on IRLS

inversion can restore the missing data

appropriately after 50 iterations.

3.2 3-D synthetic data test

Figure 2(a) shows Claerbout’s “qdome”

synthetic model (Claerbout, 1993, 1999), which

models a seismic image of a complicated

sedimentary geology. In the data regularization

experiment, we randomly remove 50% of the

original model which have been added some

random distributed bursty noise, arriving at the

missing data model shown in the Figure 2(b).

The local slope field we used is estimated from

the original model. The forward operator is cubic

B-spline interpolation and the regularization

operator is local plane-wave-destructor. Figure
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（a） （b）

（c） （d）

FigureFigureFigureFigure 1.1.1.1. 1-D1-D1-D1-D signalsignalsignalsignal testtesttesttest

(a) original sinusoid signal; (b) input signal with bursty noise; (c) Interpolation results based on LS iterative inversion; (d) interpolation results

based on IRLS iterative inversion

2(c) shows the interpolation result based on LS

inversion, which illustrates that LS method is

severely affected by bursty noise. Figure 2(d)

shows the interpolation result based on IRLS

inversion. Compared with original model, we can

see that the IRLS method can restore most of the

original signal reasonably even thought the input

data contains bursty noise.

3.3 3-D real data example

A selected common offset gather in the 3-D

data from Shengli oil filed is used to test our

three dimensional data regularization method.

Figure 3(a) shows the midpoint geometry and

Figure 3(b) shows the bin fold map. Both of them

illustrate the irregularity of the 3-D data. The

data cube after normalized binning is shown in

Figure 4(a). Binning works reasonably well in

the areas of large fold but fails to fill the zero

fold gaps and has an overall limited accuracy.

The forward operator is cubic B-spline

interpolation and the regularization operator is

local PWD filter like the 3-D synthetic model test.

Figure 4(b) shows the local slope field estimated

by the 3-D PWD proposed by Fomel (2001).

Figure 5(a) shows the interpolation result based

on LS inversion and Figure 6(b) shows the

interpolation result based on IRLS inversion. We

can see that both of these two methods can

restore the missing data appropriately, and can

not easily distinguish the original and

interpolated data. Figure 6(a), Figure 6(b), Figure

6(c) is the close-up of white boxes in Figure 4(a),

Figure 5(a), Figure 5(b). Compared with them,

we can obviously see that the IRLS method can

provide more continuous events and improve the

signal to noise ratio of seismic data.
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（a） （b）

(c) (d)
FigureFigureFigureFigure 2.2.2.2. 3-D3-D3-D3-D syntheticsyntheticsyntheticsynthetic modelmodelmodelmodel testtesttesttest

(a) original data cube; (b) input data cube; (c) interpolation result based on LS inversion; (d) interpolation result based on IRLS inversion

(a) (b)
FigureFigureFigureFigure 3.3.3.3. GeometricGeometricGeometricGeometric distributiondistributiondistributiondistribution ofofofof inputinputinputinput datadatadatadata

(a) Midpoint distribution for a 25 by 25 m offset bin in the Shengli oilfield dataset; (b)map of the fold distribution for the 3-D data test.
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（a） （b）
FigureFigureFigureFigure 4.4.4.4. InputInputInputInput datadatadatadata cubecubecubecube

(a) 3-D data after normalized binning; (b) local dip filed estimated from (a) using 3-D PWD

(a) (b)
FigureFigureFigureFigure 5.5.5.5. InterpolationInterpolationInterpolationInterpolation resultsresultsresultsresults

(a) based on LS inversion; (b) based on IRLS inversion

（a） （b） （c）
FigureFigureFigureFigure 6.6.6.6. Close-upClose-upClose-upClose-up comparisoncomparisoncomparisoncomparison ofofofof whitewhitewhitewhite boxesboxesboxesboxes inininin

(a) input data; (b) interpolation result based on LS inversion; (c) interpolation results based on IRLS inversion
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4 Conclusions
The existence of bursty noise in the seismic

data affects the convergence rate and

interpolation result of seismic data regularization

In this paper, compared with conventional

seismic data regularization based on L2 norm

inversion, we propose a new method to estimate

the energy of data fit residual in the sense of

Cauchy norm, equivalent to introduce a

weighting function related to model, to eliminate

the effects of bursty noise to interpolation result,

making interpolated seismic events more

continuous with higher ratio of signal to noise.

Local plane wave model constraint is used as

prior information to make the process of

inversion stable and interpolate the aliased data

correctly. The inverse problem is solved by the

preconditioning conjugate gradient method with

fast convergence. Parallel processing along time

slices for three dimensional data cube can

promote the efficiency of three dimensional data

regularization further. Experiments with

synthetic and real data show that the proposed

seismic data regularization method based on

IRLS inversion can interpolate noisy data

appropriately and provide a more reasonable

result than LS inversion method.
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