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ABSTRACT

Least-squares migration is an advanced imaging tech-
nique capable of producing images with improved spatial
resolution, balanced illumination, and reduced migration ar-
tifacts; however, the prohibitive computational cost poses a
great challenge for its practical application. We have incor-
porated the beam methodology into the implementation of
Kirchhoff time modeling/migration and developed a fast
common-offset least-squares Kirchhoff beam time migration
(LSKBTM). Different from conventional Kirchhoff time
modeling/migration in which the seismic data are mod-
eled/migrated trace by trace, the mapping operation in
Kirchhoff beam time modeling/migration is performed in
terms of beam components and is performed only at sparsely
sampled beam centers. Therefore, the computational cost of
LSKBTM is significantly reduced in comparison with that
of least-squares Kirchhoff time migration (LSKTM). In ad-
dition, based on the second-order Taylor expansion of the
diffraction traveltime, we introduce a quadratic correction
term into the inverse/forward local slant stacking, effectively
enhancing the computational accuracy of LSKBTM. We
used 2D synthetic and 3D field data examples to verify
the effectiveness of our method. Our results indicate that
LSKBTM can produce images comparable with those of
LSKTM, but at considerably reduced computational cost.

INTRODUCTION

Seismic migration (Claerbout and Doherty, 1972; Gazdag, 1978;
Schneider, 1978; Stolt, 1978; Baysal et al., 1983; Hill, 1990; Gray
et al., 2001) is an important technique in seismic data processing to

generate not only structural images for geologic interpretation but
also material properties for reservoir characterization. Migration al-
gorithms can be broadly categorized into depth- and time-migration
methods, depending on whether they allow and fully honor spatial
variant velocity models. Depth migration is capable of producing
accurate subsurface images, even in areas with complex geologic
structures (Etgen et al., 2009). However, its successful application
strongly depends on an accurate interval velocity model, whose es-
timation can be time-consuming and still remains a challenge. For
subsurface velocities with slight to moderate lateral variations, time
migration is an efficient and robust alternative to depth migration
(Alkhalifah, 2003, 2005). It is fast and less sensitive to velocity er-
rors compared to depth migration, and its migration velocity model,
the root-mean-square (rms) velocity model (Dix, 1955; Yilmaz,
1979), is simple to estimate. Even today, time migration is still
an attractive and widely used imaging tool in the industry.
Suppose the recorded seismic data can be predicted by a linear-

ized modeling operator, then conventional migration methods are
generally formulated as adjoints rather than as the exact inverses
(Tarantola, 1984; Claerbout, 1992). They sometimes fail to provide
satisfactory images with high spatial resolution and amplitude fidel-
ity because seismic data are acquired with finite acquisition aper-
ture, band-limited source function, and sometimes poor source-
receiver sampling. To mitigate these defects, least-squares migra-
tion (LSM) has been developed as an inverse problem based on
the minimization of a least-squares misfit function (Tarantola,
1984; Claerbout, 1992). The main difficulty with LSM lies in the
construction of the Hessian matrix (Plessix and Mulder, 2004),
which represents the second derivatives of the misfit function with
respect to the model parameters. Because it is prohibitively expen-
sive to explicitly compute and store the full Hessian matrix, LSM
is commonly solved with iterative gradient-based optimization
algorithms (Nemeth et al., 1999), using either a Kirchhoff engine
(Nemeth et al., 1999; Duquet et al., 2000) or wave-equation propa-
gators (Kuehl and Sacchi, 2002; Kaplan et al., 2010; Huang and
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Schuster, 2012; Dai and Schuster, 2013; Aldawood et al., 2015;
Hou and Symes, 2015). Recently, Hu et al. (2016), Yang et al.
(2018), and Yue et al. (2019, 2021) demonstrate the effectiveness
of least-squares Gaussian beam migration, providing a competitive
alternative to current LSM methods. Because each iteration of
LSM requires one Born modeling and one migration, the total com-
putational cost of all the iterations of LSM is at least one order of
magnitude more than that of conventional migration. Therefore, de-
spite the ongoing improvements in computing capacity, the expense of
LSM still poses a great challenge for practical-sized applications.
To provide an efficient least-squares inversion for time-domain im-

aging, we develop a common-offset least-squares Kirchhoff beam
time migration (LSKBTM) method based on the framework of beam
depthmigrations (Hill, 1990, 2001; Alkhalifah, 1995; Sun et al., 2000;
Nowack et al., 2003; Gray, 2005; Gray and Bleistein, 2009; Liu and
Palacharla, 2011; Hu et al., 2016; Yang et al., 2018; Yue et al., 2019,
2021). By incorporating the beam methodology into Kirchhoff time
forward modeling/migration (KFM/KTM), we derive the Kirchhoff
beam time forward modeling/migration (KBFM/KBTM) operator,
whose computation consists of two major steps: (1) beam spraying/
forming via inverse/forward local slant stacking and (2) forward/in-
verse mapping between the beam components and the image volume.
Due to the application of a quadratic traveltime approximation in
spraying/forming the beam components, KBFM/KBTM basically re-
tains the accuracy of KFM/KTM. Its computational cost is, however,
greatly reduced in comparison with that of KFM/KTM because the
mapping operation in KBFM/KBTM is performed only at the beam
centers (Hale, 1992; Sun et al., 2000; Hill, 2001), whose sampling is
far sparser than the trace sampling in a common-offset record. With
the constructed KBFM/KBTM operator, we formulate a LSKBTM
scheme based on the minimization of the least-squares misfit function
between the modeled and the recorded data, and we use the conjugate
gradient to iteratively solve for the optimal image.
The outline of this paper is as follows. First, we introduce the

quadratic traveltime approximation and verify its improved accu-
racy over the conventional linear approximation used in conven-
tional beam migration. Then, we present the derivations of the
common-offset KBFM and KBTM operators and discuss in detail
their implementation. Finally, we use 2D synthetic and 3D field data
examples to test our proposed LSKBTM, and we demonstrate its
comparable migration accuracy and considerably improved compu-
tational efficiency by comparing it to conventional LSKTM.

METHOD

The quadratic traveltime approximation

In KTM, the two-way diffraction traveltime tsd of a seismic wave
traveling from a source at rs ¼ ðxs; ys; 0Þ, through a subsurface image
point at r ¼ ðx0; y0; t0Þ and to a receiver at rd ¼ ðxd; yd; 0Þ, is com-
monly evaluated by a double-square-root (DSR) equation based on
the straight ray assumption (Yilmaz and Claerbout, 1980; Alkhalifah,
2006):

tsd ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t20
4
þ ðxs − x0Þ2 þ ðys − y0Þ2

V2

s

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t20
4
þ ðxd − x0Þ2 þ ðyd − y0Þ2

V2

s

; (1)

where the first and the second terms on the right side of equation 1 are
the one-way traveltimes ts and td from rs and rd to r, respectively; V
is the corresponding rms velocity at r; and t0 is the two-way vertical
traveltime, representing the vertical axis of the image volume. Assume
that there is another slightly perturbed source-receiver pair ðr 0s; r 0dÞ
in the vicinity of ðrs; rdÞ with identical source and receiver coordinate
shifts of Δr 0 ¼ r 0s − rs ¼ r 0d − rd, then the traveltime t 0sd along the
raypath connecting r 0s, r, and r 0d can be approximated by the Taylor
expansion of tsd. Instead of keeping only the linear terms in the Taylor
expansion, we incorporate the second-order terms to improve accu-
racy and arrive at a quadratic traveltime approximation formula (see
Appendix A):

t 0sd ≈ ts þ td þ pm · Δr 0 þ 1

2
Δr 0 · ðH · Δr 0Þ; (2)

where pm represents the gradient vector of tsd and is also referred to as
the midpoint ray parameter

pm ¼ ðpmx; pmyÞ ¼
"
∂ts
∂xs

þ ∂td
∂xd

;
∂ts
∂ys

þ ∂td
∂yd

#
; (3)

and H is a square matrix of second-order partial derivatives of
traveltimes, also referred to as the Hessian matrix:

H ¼

0

@
∂2ts
∂x2s

þ ∂2td
∂x2d

∂2ts
∂xsys

þ ∂2td
∂xd∂yd

∂2ts
∂xsys

þ ∂2td
∂xd∂yd

∂2ts
∂y2s

þ ∂2td
∂y2d

1

A; (4)

whose elements are derived in Appendix A. Note that this Hessian
matrix is different from the LSM Hessian mentioned previously.
We use a simple 2D model with a constant velocity of 2000 m/s

to verify the improvements of the quadratic traveltime approxima-
tion over the linear one. We first compute a reference traveltime map
of a given source-receiver pair using equation 1, and then we use the
Taylor expansion of the reference traveltimes to approximate the
traveltime map of a nearby source-receiver pair with a horizontal
shift of 100 m. Figure 1 displays the absolute errors between the
reference and the linearly and quadratically approximated travel-
time maps for the source-receiver pairs with offset = 0.0 km (Fig-
ure 1a and 1b) and offset = 1.6 km (Figure 1c and 1d), respectively.
It is evident that the quadratic approximation significantly improves
the accuracy of the approximated traveltimes in comparison with
the linear approximation. Meanwhile, it is notable that both
approximation methods have relatively larger errors in the near
source and receiver regions where the wavefronts have high curva-
tures. To quantify the magnitude of the errors, we extract the hori-
zontal traces of the error maps at t0 ¼ 100ms and compare them in
Figure 2a and 2b. As can be seen, the maximum error of the quad-
ratic approximation (the blue line) is only approximately 3 ms,
which is acceptable at such a shallow depth and far less than that
of the linear approximation (the red line). We further compare the
vertical traces of the error maps at distance = 2.0 km in Figure 2c
and 2d. It is clear that the quadratic approximation has not only
smaller but also more rapidly decreasing errors compared to the lin-
ear approximation. These comparisons demonstrated the effective-
ness of the quadratic traveltime approximation, which will be used
in the following sections to derive the forward modeling (KBFM)
and migration (KBTM) operators for LSKBTM.
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Least-squares Kirchhoff time migration

LSM aims to find an optimal subsurface reflectivity model that
best predicts the recorded seismic data. It is commonly imple-
mented with gradient-based optimization methods (Nemeth et al.,
1999; Kaplan et al., 2010) to iteratively minimize the L2 norm of
the residual between the modeled and the recorded data:

J ¼ 1

2
kLm − dk2; (5)

where d is the recorded data, m is the reflectivity, and L is a for-
ward-modeling operator whose adjoint is denoted as LT . In this
work, we are using the Kirchhoff-type modeling/migration operator
to estimate the time-domain reflectivity model.

Figure 1. Absolute errors between the reference
traveltime map of a given source-receiver pair
and the approximated traveltime map of a slightly
perturbed source-receiver pair in a constant-veloc-
ity model (the maps are aligned to make the
source-receiver pairs coincide), where the distance
label in the figures denotes the horizontal distan-
ces from the image points to the origin. Images (a
and b) are for the source-receiver pair with off-
set = 0.0 km, whereas images (c and d) are for
the source-receiver pair with offset = 1.6 km. Note
the reduced errors of the quadratic traveltime
approximation in (b and d) in comparison with
the linear approximation in (a and c).

Figure 2. The extracted horizontal traces of the
error maps at t0 ¼ 100ms in (a and b), and the ex-
tracted vertical traces of the error maps at dis-
tance = 2.0 km in (c and d), where images (a
and c) are for the source-receiver pairs with off-
set = 0.0 km, and images (b and d) are for the
source-receiver pairs with offset = 1.6 km, respec-
tively. It is clear that the quadratic traveltime
approximation (the blue line) not only has smaller
errors, but it also has higher decay rates than the
linear approximation (the red line). Also note in
(d) that the blue line visually coincides with the
horizontal axis because the traveltime errors of
the quadratic approximation are very close to zero.
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Following Bleistein et al. (2001), the common-offset KFM oper-
ator can be expressed as a volume integral:

Dðh; rm;ωÞ ¼ −iω
Z

Ω0

dr0Rðr0ÞFðωÞGðr0; rm − h;ωÞ

×Gðr0; rm þ h;ωÞ; (6)

where Ω0 represents the volume of subsurface scattering points;
Dðh; rm;ωÞ is the modeled common-offset record at midpoint rm ¼
ðrs þ rdÞ∕2 and with offset h ¼ ðrd − rsÞ∕2; FðωÞ is the source
spectrum; Rðr0Þ is the reflectivity function at scattering point r0
(we omit its angle dependency for simplicity); and Gðr0; r 0;ωÞ
is the Green’s function corresponding to a source at r 0 and an ob-
servation point at r0, and its high-frequency asymptotic represen-
tation (Červený, 2001) is given by

Gðr0; r 0;ωÞ ¼ Aðr0; r 0Þ exp½iωTðr0; r 0Þ&; (7)

where Tðr0; r 0Þ is the one-way traveltime defined in equation 1 and
Aðr0; r 0Þ is the amplitude, whose expression for time migration is
given by Zhang et al. (2000). By inserting equation 7 into 6, we
have the KFM operator expressed as

Dðh; rm;ωÞ ¼ −iω
Z

Ω0

dr0Rðr0ÞFðωÞAðr0; rm þ hÞAðr0; rm − hÞ

× expfiω½Tðr0; rm þ hÞ þ Tðr0; rm − hÞ&g; (8)

and the adjoint KTM operator expressed as

R̂ðrÞ ¼ 4

Z
dω

Z
dh

Z
drmiωF'ðωÞA'ðr; rm þ hÞA'ðr; rm − hÞ

× expf−iω½Tðr; rm þ hÞ þ Tðr; rm − hÞ&gD̂ðh; rm;ωÞ;

(9)

where R̂ðrÞ is the migrated image at the image point r and the sym-
bol ' denotes complex conjugation. It is notable that the amplitudes
and traveltimes in equations 8 and 9 are real quantities in KFM
and KTM.
It is obvious that the computational cost of KFM/KTM is propor-

tional to the number of seismic traces. In the following sections, we
will incorporate the beam methodology into the computation of
KFM/KTM and derive the KBFM/KBTM operator to acceler-
ate LSKTM.

The KBFM operator

To derive the KBFM operator, we first apply a partition of unity
(Hill, 2001; Gray and Bleistein, 2009) to the KFM formula in equa-
tion 8 to divide the common-offset record into small subsets, and
then we use the quadratic Taylor expansion of the diffraction trav-
eltimes of the trace at each subset center (also known as the beam
center) to approximate the traveltimes of nearby traces. After the
derivations in Appendix B, we obtain the KBFM formula expressed
as a modified inverse local slant stacking (ILSS) with a quadratic
correction term in equation 2:

dðh; rm; tÞ ¼ −Φ
X

L

Z
dpmγðΔrm; tÞ

⊗ sðL; pm; t − pm · Δrm −
1

2
Δrm · ðH · ΔrmÞÞ;

(10)

where dðh; rm; tÞ is the modeled time-domain common-offset rec-
ord, ⊗ denotes the temporal convolution, Φ is a constant term de-
fined in Appendix B, L denotes the sparsely sampled beam centers
with spacing of ΔL ¼ ðΔLx;ΔLyÞ, Δrm ¼ ðrm − LÞ is the vector
from the beam center L to the midpoint rm, γðΔrm; tÞ is the time-
domain response of the Gaussian taper function in equation B-1,
and sðL; pm; tÞ is the set of beam components synthesized at each
beam center:

sðL;pm;tÞ¼ fðtÞ⊗
Z

Ω 0
0
ðpmÞ

dr0Rðr0ÞAðr0;LþhÞAðr0;L−hÞ

×δðt−Tðr0;LþhÞ−Tðr0;L−hÞÞ; (11)

where δ denotes the Dirac delta function, Ω 0
0ðpmÞ is the set of scat-

tering points struck by the ray pairs with midpoint ray parameter pm,
and fðtÞ is a time-domain wavelet defined as

fðtÞ ¼
Z

iωjωjFðωÞ expðiωtÞdω: (12)

The computational steps of KBFM in simulating a specific
common-offset record can be summarized as

1) Choose the necessary modeling parameters including the beam
center spacing ΔL, initial beam width w0, and ray parameter
spacing Δpm.

2) For each beam center L, loop over subsurface scattering
points and

• calculate the amplitude and traveltime terms in equa-
tion 11, as well as the midpoint ray parameter pm

• distribute the subsurface reflectivities onto the corre-
sponding tau-p panels, using the traveltimes and ampli-
tudes associated with each ray parameter pm.

3) Repeat step 2 for all the beam centers, and then convolve the
tau-p panels with the wavelet fðtÞ to produce the beam compo-
nents sðL; pm; tÞ.

4) Smear the produced beam components at each beam center onto
nearby traces within the Gaussian taper, along the trajectory de-
fined by the quadratic function in equation 10, to produce the
common-offset record.

The above implementation consists of two major operations:
(1) beam mapping from the scattering volume to the beam compo-
nents and (2) beam spraying from the beam components to the
receiver wavefields. Because these two operations are performed
only at sparsely sampled beam centers, the computational cost of
KBFM is significantly reduced, compared to that of KFM. Appen-
dix C presents an estimation of the speedup of KBFM over KFM
given by
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Speedup ≈
ΔLxΔLy

2ΔxΔy
; (13)

where Δx and Δy are the inline and crossline trace spacings, respec-
tively, and ΔLx and ΔLy are the inline and crossline beam center
spacings, respectively. Although equation 13 is a rough estimation
of the speedup factor, it is well consistent with our observations.
The disk or network I/O cost may pose a bottleneck for large-scale
Kirchhoff-type modeling/migration parallelly running on a PC clus-
ter and degrade the speedup of KBFM. To solve this problem, one
could refer to the multilevel decomposition algorithm proposed by
Zhao et al. (2015), which makes the full-volume parallel computa-
tion of KTM highly scalable.

Adjoint KBTM

By applying similar traveltime approximation and partition strat-
egies into the computation of KTM, we obtain the adjoint KBTM
operator expressed as

R̂ðrÞ¼4

Z
dh

X

L

A'ðr;LþhÞA'ðr;L−hÞ

× ŝðL;pm;Tðr;LþhÞþTðr;L−hÞÞ; (14)

where R̂ðrÞ represents the stacked migration image and ŝðL; pm; tÞ
is a modified local slant stacking with the summation path defined
by the quadratic function in equation 2:

ŝðL;pm;tÞ¼Φ
Z

drmd̂
"
h;rm;tþpm ·Δrmþ

1

2
Δrm ·ðH·ΔrmÞ

#
;

(15)

where d̂ðh; rm; tÞ is a filtered version of the input common-offset
record:

d̂ðh; rm; tÞ ¼
Z

dωiω2sgnðωÞF'ðωÞD̂ðh; rm;ωÞ

× exp

$
−iωt−

%%%%
ω
ωr

%%%%
jΔrmj2

2w2
0

&
; (16)

ωr is the reference frequency, and D̂ðh; rm;ωÞ is the Fourier-domain
representation of the input data.
In the implementation of KBTM, we first decompose the input

data into beam components at each beam center using the modified

local slant stacking in equation 15 and then we project the beam
components into the image volume according to the two-way trav-
eltimes and midpoint ray parameters. KBTM has a computational
cost similar to KBFM, and its speedup over KTM is close to that of
KBFM over KFM. Therefore, we can conclude that the speedup
factor given in equation 13 is suitable to evaluate the speedup of
LSKBTM over LSKTM.

Computational aspects

Incorporating the quadratic correction terms into the inverse/for-
ward local slant stacking is important for the computational accu-
racy of KBFM/KBTM, especially at early times and shallow depths,
but evaluation of these terms requires the locations of the subsurface
scattering points that are unknown quantities while implementing
local slant stacking. In Appendix D, we propose a method to con-
struct an approximate table of the subsurface scattering points
rðp̄m; t̄Þ, which is a function of the discrete midpoint ray parameter
p̄m and two-way traveltime t̄ and can be stored for repeated use in
the implementation of LSKBTM.
Because the scattering points only affect the second-order term of

the quadratic traveltime expansion, the above method does not re-
sult in traveltime errors that are large enough to affect the imaging
accuracy, especially considering that the variations of the rms veloc-
ities are generally mild. To verify this statement, we recompute the
traveltime errors for the test in Figure 1d, but using velocities de-
viating (15% from the true velocities (2000 m/s) during the evalu-
ation of the scattering points. The resultant traveltime errors for the
deviated velocities of 1700 and 2300 m/s are shown in Figure 3a
and 3b, respectively, and the extracted horizontal traces at
t0 ¼ 100ms and t0 ¼ 200 ms of these error maps and the error
map in Figure 1d are further compared in Figure 4a and 4b, respec-
tively. As can be seen, although slightly larger than the traveltime
errors produced using the true velocities (the blue line), the travel-
time errors produced using the deviated velocities (the red and green
lines) are acceptable at such shallow depths (less than 1.2 ms at
t0 ¼ 200 ms) and are dominant only in the near source and re-
ceiver regions that are typically rejected by angular muting during
migration.
As in conventional depth-domain beam migrations, the beam

width w0, beam center spacing ΔL, and ray parameter spacing
Δpm are the key parameters that affect the performance of our pro-
posed KBFM/KBTM. We basically adopt the parameter selections
from Gaussian beam migration (Hill, 1990, 2001) and make some
empirical modifications. For example, to match the rms velocities
used in time migration, we choose the beam width w0 as

Figure 3. Absolute traveltime errors for the test in
Figure 1d, but produced using velocities of
(a) 1700 and (b) 2300 m/s while evaluating the
scattering points. Note that the errors are dominant
only in the near source (distance = 1.2 km) and
receiver (distance = 2.8 km) regions.

Accelerating LSKTM using beams 225

D
ow

nl
oa

de
d 

05
/2

9/
21

 to
 1

24
.1

26
.1

79
.1

17
. R

ed
is

tri
bu

tio
n 

su
bj

ec
t t

o 
SE

G
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 T

er
m

s 
of

 U
se

 a
t h

ttp
://

lib
ra

ry
.s

eg
.o

rg
/p

ag
e/

po
lic

ie
s/

te
rm

s
D

O
I:1

0.
11

90
/g

eo
20

20
-0

62
9.

1



w0 ¼
3πVa

ωr
; (17)

where Va is an average of the rms velocities of the shallow part of
the velocity model instead of the whole model used in Gaussian
beam migration and ωr is chosen as the lower end of the seismic
data bandwidth. In addition, we choose a slightly larger ray param-
eter spacing than the Hill (2001) choice to improve the computa-
tional efficiency:

Δpx ¼ Δpx ¼
1.5

w0
ffiffiffiffiffiffiffiffiffiffiffi
ωrωh

p ; (18)

where ωh is the higher end of the data bandwidth.

NUMERICAL EXAMPLES

In this section, we use synthetic and field data examples to verify
the effectiveness of our proposed LSKBTM. We first use a 2D lay-
ered model to test the KBFM/KBTM operator, and we demonstrate
the importance of the quadratic correction term used in KBFM as

Figure 4. The extracted horizontal traces at
(a) t0 ¼ 100 ms and (b) t0 ¼ 200 ms of the error
maps shown in Figure 1d (the blue line), Figure 3a
(the red line), and Figure 3b (the green line). Note
that the errors produced using the deviated veloc-
ities (the red and green lines) are acceptable at
such shallow depths and dominant only in the near
source (distance = 1.2 km) and receiver (dis-
tance = 2.8 km) regions.

Figure 5. The 2D layered model: (a) the interval
velocity model and (b) the rms velocity model.

Figure 6. (a) The time-domain reflectivity model
(to facilitate the image comparison, we directly
use the depth-domain reflectivity model computed
using the interval velocity model as the time-do-
main reflectivities) and (b) the reference zero-off-
set record simulated using KFM.
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well as the enhanced efficiency of KBTM over KTM. Then, we use
a modified 2D SEG/EAGE overthrust model and a 3D field data set
to test LSKBTM and compare its performance with conventional
LSKTM.

A 2D layered model

The interval velocity model is shown in Figure 5a, which has a
grid size of 1000 × 550, with lateral and vertical spacings of 15 and
5 m, respectively. Based on the interval velocity model, we compute
the rms velocity model (Figure 5b) and the subsurface reflectivities
(Figure 6a) and use them as the inputs for KFM to simulate a refer-
ence zero-offset record shown in Figure 6b, whose source function
is a Ricker wavelet with 20 Hz peak frequency.
To simulate the zero-offset record using KBFM, we first smear

the reflectivities onto tau-p panels and then convolve the panels with
the source function to produce the beam components. Figure 7 dis-
plays the produced beam components at six consecutive beam cen-
ters ranging from common-depth point (CDP) = 372 to CDP = 452
with spacing of 13 CDPs (195 m); each beam component has 30
dips corresponding to emergence angles between ±60°. By smear-
ing the beam components onto nearby traces, we generate two kinds
of zero-offset records, one of which is computed with the modified
ILSS using the quadratic traveltime approximation and is shown in
Figure 8a, and the other of which is computed with conventional

ILSS using the linear traveltime approximation and is shown in Fig-
ure 8b. We can see that the record computed with the modified ILSS
is comparable to the reference KFM record shown in Figure 6b,
whereas the record computed with conventional ILSS is contami-
nated with unwanted oscillatory noise. We further compare the
traces at CDP = 500 among the three records in Figure 9. As
can be seen, the trace computed with the modified ILSS (the green
line) is almost identical to the reference one (the red line, basically
covered by the green line), whereas the trace computed with con-
ventional ILSS (the blue line) has different amplitudes and phases,
especially for the early arrivals. It is obvious that using conventional
ILSS in KBFM is insufficient for accurate modeling; however, after
including the quadratic correction term into conventional ILSS, the
modeling accuracy is dramatically improved at early times.
We use KTM and KBTM to migrate the reference zero-offset

record and show the produced images in Figure 10a and 10b, re-
spectively. We can see that both migrations produce comparable
images that accurately recover the subsurface structures, thus dem-
onstrating the computational accuracy of KBTM. We also compare
the computational costs between the two methods. Whereas it takes
16.3 s for KTM to migrate the reference zero-offset record with
1000 traces, only 2.7 s are required for KBTM to decompose and
map the beam components at 82 beam centers. Therefore, KBTM
achieves an approximate speedup of 6.0 in this 2D model test.

A modified SEG/EAGE overthrust model

The interval velocity model is shown in Figure 11a, which has a
grid size of 640 × 374, with lateral and vertical sampling intervals
of 15 and 7.5 m, respectively. Based on the interval velocity model,

Figure 7. Beam components produced at six consecutive beam cen-
ters ranging from CDP = 362 to CDP = 452, with spacing of 13
CDPs (195 m).

Figure 9. Trace comparison (at CDP = 500) among the reference
record (the red line), the KBFM records computed with the modi-
fied ILSS (the green line), and the conventional ILSS (the blue line).

Figure 8. Zero-offset records simulated using
KBFMwith (a) the modified ILSS and (b) the con-
ventional ILSS.
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we first compute the rms velocity model (Figure 11b) as the imag-
ing velocity using the Dix formula (Dix, 1955), and then we use
finite-difference modeling to generate 200 shot records (Figure 12a)
with shot spacing of 30 m. Each shot record is recorded by 201
uniformly spaced receivers within a 6.0 km split-spread aperture,
and the source function is again a Ricker wavelet with 15 Hz peak
frequency. The simulated shot records are first sorted into 101
common-offset records by using an offset bin size of 60 m, and then
a partial normal moveout (NMO) correction is applied to regularize
the offset values within each common-offset record. Figure 12b dis-
plays the produced common-offset record with an offset of −60 m.
In this test, the beam center spacing is 210 m and the ray parameter
sampling number is 37.
We migrate the common-offset records using LSKTM and

LSKBTM, and then we compare their imaging difference and com-
putational efficiency. The KTM and KBTM images after a single

iteration of least-squares inversion are, respectively, shown in Fig-
ure 13a and 13b, and the traces of the produced images (the blue
line for KTM and the green line for KBTM) at CDP = 380 are com-
pared in Figure 14. KTM and KBTM produce similar images,
which are hard to distinguish from each other, even in terms of
the detailed waveform comparison. However, the deficiencies of ad-
joint migrations are also evident in both images, which not only
show blurry structural imaging but also have poor amplitude fidel-
ity. The final LSKTM and LSKBTM images after 10 iterations, as
well as the trace comparison at CDP = 380, are shown in Figures 15
and 16. The two LSM images not only have comparable imaging
accuracy, but they also have better resolution and more balanced
amplitudes than the adjoint migration images. Figure 17 compares
the convergence curves between LSKTM and LSKBTM; we can
see that both LSM methods effectively minimize the data residual
at similar convergence rates. However, their computational costs are

Figure 11. A modified SEG/EAGE overthrust model: (a) the inter-
val velocity model and (b) the converted rms velocity model.

Figure 12. (a) Simulated shot gathers using finite-difference mod-
eling and (b) regularized common-offset records with offset of
−40 m after partial NMO.

Figure 10. Migrated images using (a) adjoint
KTM and (b) adjoint KBTM.
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quite different. It takes 383.1 s for one central processing unit (CPU:
Intel i7-7700HQ, four cores and eight threads) to complete all 10
iterations of LSKTM, whereas for LSKBTM, it takes only 67.4 s.
Therefore, a rough speedup of 5.7 is achieved with LSKBTM in
this test.

3D field data

We finally test LSKBTM using a 3D field data example, whose
rms velocity model used for imaging is shown in Figure 18a. The
input data for LSKBTM are a poststack data cube after preprocess-
ing including static correction, denoising, and NMO + stacking
(Figure 18b), which is used as a zero-offset volume and has 700
inline and 400 crossline samples, with spacing of 12.5 and 25 m,
respectively. In this test, the inline and crossline beam center spac-
ings are both 230 m, the inline and crossline ray parameter sampling
numbers are both 31, and the source function is a Ricker wavelet
with 28 Hz peak frequency.

Figure 13. Migrated images using (a) the adjoint KTM and (b) the
adjoint KBTM.

Figure 14. Trace comparison at CDP = 380 between the KTM im-
age (the blue line) and the KBTM image (the red line).

Figure 15. Migrated images using (a) LSKTM and (b) LSKBTM.

Figure 16. Trace comparison at CDP = 380 between the LSKTM
image (the blue line) and the LSKBTM image (the red line).

Figure 17. A comparison of convergence rates between LSKTM
(the blue line) and LSKBTM (the red line).
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Ten iterations are needed to achieve an effective convergence of
the least-squares inversion, with the data residual decreasing by
approximately 84%. The produced KBTM and LSKBTM image
cubes are displayed in Figure 19a and 19b, respectively. The
LSKBTM image has overall better focused and resolved events
when compared to the KBTM image. Figure 20 further compares
the magnified sections of crossline 240 (Figure 20a and 20b) and
inline 180 (Figure 20c and 20d), as well as the time slices at 1.4 s,
between the KBTM and LSKBTM images. Clear improvements of
imaging quality can be observed in the sections of LSKBTM, in
which not only are the fine layers and faults (the white arrows) bet-
ter resolved, but the event continuity (the black arrows) is improved
as well. It is also notable that the structural details are better revealed
in the time slice of LSKBTM (Figure 20f) in comparison with that
of KBTM (Figure 20e). The improved resolution is further verified
by a spectrum comparison shown in Figure 21. It is clear that, com-
pared with KBTM (the red line), LSKBTM (the blue line) not only
broadens the image bandwidth but also increases the dominant fre-
quency.
We also migrate the input data cube using KTM, which produces

a migrated image (Figure 22) almost identical to the KBTM image
shown in Figure 19a, but at a significantly increased computational
cost. By using the same CPU as in the previous test, the computa-
tional time of KBTM and KTM is, respectively, 6.1 min and 8.9 h.
Therefore, we can conclude that the speedup of KLSBTM over
LSKTM in this 3D test is as high as 87. It is also worth mentioning
that the computational time of KLSBTM is 2.1 h after all 10 iter-
ations, only approximately one fourth of that of the adjoint KTM.

DISCUSSION

In the previous sections, we have extended beam migration
to time-domain imaging and developed a fast LSKBTM for the
estimation of subsurface reflectivity. Different from conventional

Figure 19. Migrated images using (a) KBTM and
(b) LSKBTM.

Figure 18. The 3D field data example: (a) the rms
velocity model and (b) poststack data cube after
NMO + stacking.

Figure 20. Detailed comparisons between the KBTM (the left col-
umn) and LSKBTM (the right column) images. (a and b) Magnified
sections of crossline 240, (c and d) magnified sections of inline 180,
and (e and f) time slices extracted at 1.4 s. Note the enhanced res-
olution (the white arrows) and event continuity (the black arrows) in
the sections of LSKBTM, as well as the better revealed structural
details in the time slice of LSKBTM.
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depth-domain beam migrations (Hill, 1990, 2001; Nowack et al.,
2003; Gray, 2005; Gray and Bleistein, 2009; Hu et al., 2016;
Yue et al., 2019, 2021) that mainly focus on imaging multipath
arrivals, our method emphasizes the ability to improve computa-
tional efficiency, which is an important requirement for iterative
least-squares inversion. Although the derivations are based on the
simplified DSR equation based on straight ray assumption, they can
be readily modified to include high-order terms to account for ray-
bending effects (Sun and Martinez, 2002; Lee et al., 2004) and
anisotropy (Alkhalifah, 2006; Hao et al., 2016).
We use the quadratic traveltime approximation instead of the con-

ventional linear approximation to derive the KBFM/KBTM opera-
tor. This leads to the quadratic correction term that is applied as part
of the inverse/forward slant stacking and is vital to the computa-
tional accuracy of LSKBTM, especially for the near surface. The
evaluation of the quadratic correction term in the slant stacking
can be cumbersome and could potentially result in a significant
increase in runtime. However, with the approximate workaround
presented in Appendix D, the additional computational cost is
negligible.
Because LSKBTM is formulated in the common-offset domain,

the input data should ideally be single-fold and single-offset
common offset volumes, with one trace per bin center in each panel.
For the marine data recorded by narrow-azimuth steamers, a simple
partial NMO might be sufficient to regularize the offset values

within an approximate common-offset panel. However, for the land
data acquired with wide-azimuth acquisition geometry, the sorted
offset-vector tiles (OVTs) usually contain a range of offsets and
azimuths that depend on the source and receiver line spacing.
Therefore, advanced data regularization techniques such as 5D in-
terpolation (Trad, 2009; Carozzi and Sacchi, 2019) are more suit-
able to regularize the OVT volumes to allow for accurate local slant
stacking.

CONCLUSION

We have demonstrated the feasibility of KBFM/KBTM, derived
by incorporating the beam methodology into the computation of
KFM/KTM, and we developed a fast least-squares time migration
scheme, referred to as LSKBTM, to provide time-migrated images
with higher resolution and better amplitude fidelity than conven-
tional KTM. Different from KFM/KTM that operates trace by trace,
the mapping operation in KBFM/KBTM is performed only at
sparsely sampled beam centers; therefore, the computational cost
of LSKBTM is significantly reduced in comparison to that of
LSKTM. Meanwhile, by including a quadratic correction term into
the inverse/forward local slant stacking embedded in the KBFM/
KBTM operator, LSKBTM also achieves imaging accuracy com-
parable to LSKTM. We have tested our proposed method using
2D synthetic and 3D field data sets, and the results show that
LSKBTM is an efficient alternative to LSKTM.
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APPENDIX A

QUADRATIC TAYLOR EXPANSION
OF THE DIFFRACTION TRAVELTIME

Based on the two-way diffraction traveltime tsd of the source-
receiver pair ðrs; rdÞ expressed by the DSR formula in equation 1,
we can approximate the traveltime t 0sd of a neighboring source-
receiver pair ðr 0s; r 0dÞ using the second-order Taylor expansion
of tsd, written as

t ≈ ts þ td þ
"
∂ts
∂xs

þ ∂td
∂xd

#
Δx 0 þ

"
∂ts
∂ys

þ ∂td
∂yd

#
Δy 0

þ 1

2

"
∂2ts
∂x2s

þ ∂2td
∂x2d

#
Δx 02 þ 1

2

"
∂2ts
∂y2s

þ ∂2td
∂y2d

#
Δy 02

þ
"

∂2ts
∂xsys

þ ∂2td
∂xd∂yd

#
Δx 0Δy 0; (A-1)

Figure 21. Spectrum comparison between KBTM (the red line) and
LSKBTM (the blue line).

Figure 22. The KTM image.
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where Δr 0 ¼ ðΔx 0;Δy 0Þ is a vector representing the coordinate
shift between the source-receiver pairs ðrs; rdÞ and ðr 0s; r 0dÞ and
the first-order partial derivatives are defined as

∂ts
∂xs

¼ ðxs − x0Þ
V2ts

;
∂ts
∂ys

¼ ðys − y0Þ
V2ts

;

∂td
∂xd

¼ ðxd − x0Þ
V2td

;
∂td
∂yd

¼ ðyd − y0Þ
V2td

; (A-2)

as well as the corresponding second-order partial derivatives de-
fined as

∂2ts
∂x2s

¼ 1

V2ts
−
ðxs − x0Þ2

V4t3s
¼ 1

V2ts
−
p2
sx

ts
;
∂2ts
∂y2s

¼ 1

V2ts
−
ðys − y0Þ2

V4t3s
¼ 1

V2ts
−
p2
sy

ts
;

∂2td
∂x2d

¼ 1

V2td
− ðxd − x0Þ2

V4t3d
¼ 1

V2td
− p2

dx

td
;
∂2td
∂y2d

¼ 1

V2td
− ðyd − y0Þ2

V4t3d
¼ 1

V2td
−
p2
dy

td
;

∂2ts
∂xs∂ys

¼ −
ðxs − x0Þðys − y0Þ

V4t3s
¼ −

psxpsy

ts
;
∂2td

∂xd∂yd
¼ −

ðxd − x0Þðyd − y0Þ
V4t3d

¼ −
pdxpdy

td
:

(A-3)

Note the first-order derivatives in equation A-1 are the compo-
nents of the midpoint ray parameter

pm ¼ ðpmx; pmyÞ ¼ ðpsx þ pdx; psy þ pdyÞ

¼
"
∂ts
∂xs

þ ∂td
∂xd

;
∂ts
∂ys

þ ∂td
∂yd

#
; (A-4)

and the second-order derivatives are the elements of the Hessian
matrix:

H ¼
" ∂2ts

∂x2s
þ ∂2td

∂x2d
∂2ts

∂xs∂ys
þ ∂2td

∂xd∂yd
∂2ts

∂xs∂ys
þ ∂2td

∂xd∂yd
∂2ts
∂y2s

þ ∂2td
∂y2d

#
: (A-5)

Hence, we can rewrite equation A-1 in matrix form as

t 0sd ≈ ts þ td þ pm · Δr 0 þ 1

2
Δr 0 · ðH · Δr 0Þ: (A-6)

APPENDIX B

THE KBFM OPERATOR

To derive the time-domain KBFM operator in equation 9, we first
apply a partition of unity in terms of Gaussian tapers (Hill, 2001;
Gray and Bleistein, 2009),

ffiffiffi
3

p

4π

%%%%
ω
ωr

%%%%

"
ΔLxΔLy

w2
0

#X

L

exp

$
−
%%%%
ω
ωr

%%%%
jΔrmj2

2w2
0

&
≈ 1; (B-1)

into the KFM formula expressed in equation 7, leading to

Dðh; rm;ωÞ ¼ −Φ
X

L

Z

Ω0

dr0Rðr0ÞiωjωjFðωÞAðr0; rm þ hÞAðr0; rm − hÞ

× exp

'
iω½Tðr0; rm þ hÞ þ Tðr0; rm − hÞ&−

%%%%
ω
ωr

%%%%
jΔrmj2

2w2
0

(
;

(B-2)

where Δrm ¼ ðrm − LÞ denotes the spatial vector from beam center
L to midpoint rm, ΔL ¼ ðΔLx;ΔLyÞ is the beam center spacing,
ωr is the reference frequency, w0 is the beam width, and
Φ ¼

ffiffiffi
3

p
∕4πðΔLxΔLx∕ωrw2

0Þ.
Next, we approximate the amplitude and traveltime terms in

equation B-2 by

Aðr0; rm þ hÞAðr0; rm − hÞ ≈ Aðr0;Lþ hÞAðr0;L − hÞ;

Tðr0; rm þ hÞ þ Tðr0; rm − hÞ ≈ Tðr0;Lþ hÞ þ Tðr0;L − hÞ

þ pm · Δrm þ 1

2
Δrm · ðH · ΔrmÞ;

(B-3)

and then arrive at

Dðh; rm;ωÞ ≈ −Φ
X

L

Z

Ω0

dr0Rðr0ÞiωjωjFðωÞAðr0;Lþ hÞAðr0;L − hÞ

× expfiω½Tðr0;Lþ hÞ þ Tðr0;L − hÞ&g

× exp

$
iωðpm · Δrm þ 1

2
Δrm · ðH · ΔrmÞÞ−

%%%%
ω
ωr

%%%%
jΔrmj2

2w2
0

&
:

(B-4)

If we denote the set of subsurface scattering points struck by the
ray pairs with midpoint ray parameter of pm as Ω 0

0ðpmÞ, then equa-
tion B-4 can be rewritten as

Dðh; rm;ωÞ ¼ −Φ
X

L

Z
dpmSðL; pm;ωÞ

× exp

$
iωðpm · Δrm þ 1

2
Δrm · ðH · ΔrmÞÞ−

%%%%
ω
ωr

%%%%
jΔrmj2

2w2
0

&
;

(B-5)

where

SðL; pm;ωÞ ¼
Z

Ω 0
0ðpmÞ

dr0iωjωjFðωÞRðr0ÞAðr0;Lþ hÞAðr0;L − hÞ

× expfiω½Tðr0;Lþ hÞ þ Tðr0;L − hÞ&g: (B-6)

After applying the inverse Fourier transform to equations B-5 and
B-6, we obtain the KBFM formulas expressed in equations 9 and
10, respectively.

APPENDIX C

ESTIMATING THE SPEEDUP OF KBFMOVERKFM

Suppose Nx, Ny, and Nτ are the grid sizes of a 3D scattering
volume (modeling aperture) to compute an output trace in KFM,
then the total cost to simulate a common-offset record with Nrx ×
Nry traces can be approximately evaluated as

CKFM ¼ OKMNrxNryNxNyNτ; (C-1)

where OKM denotes the cost of an atomic level operation in KFM
(projecting an input sample to an output sample).
With the same modeling configuration, the computation cost of

KBFM can be evaluated as
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CKBFM ¼ OBMNLxNLyNxNyNτ

þOBSNLxNLyNgNpxNpyNτ; (C-2)

where the first and second terms on the right side of the equation
represent the computational costs of beam mapping and beam
spraying in KBFM, whose atomic level costs are denoted as
OBM and OBS, respectively; NLx and NLy are the inline and cross-
line beam center sampling numbers, respectively; Npx and Npy are
the ray parameter sampling numbers, whose spacings are given in
equation 14; and Ng is the number of output traces corresponding to
one beam component (within the Gaussian taper in equation B-1),
and can be estimated as

Ng ≈
πð2ΔLxÞð2ΔLyÞ

ΔxΔy
; (C-3)

where Δx and Δy are the inline and crossline trace spacings, respec-
tively, and ΔLx and ΔLy are the inline and crossline beam center
spacings, respectively.
By substituting equation C-3 into C-2 and applying the following

empirical relationship betweenOKM,OBM, andOBS observed in our
experiments,

OKM ≈OBM ≈ 3.5OBS; (C-4)

we express the speedup as

Speedup ¼ CKFM

CKBFM

≈
NrxNry

NLxNLy þ 3NrxNryNpxNpy∕NxNy
;

(C-5)

which can be further simplified by applying the following substi-
tution:

NrxNry

NLxNLy
¼

ΔLxΔLy

ΔxΔy
; (C-6)

and then it becomes

Speedup ≈
ΔLxΔLy

ΔxΔy
1

1þ φ
; (C-7)

where

φ ¼
3ΔLxΔLyNpxNpy

NxNyΔxΔy
; (C-8)

and the terms NxΔx and NyΔy in the denominator are, respectively,
the inline and crossline migration apertures, which are typically
chosen at approximately 10 km in practice, and the typical values
for Npx and Npy in the numerator are between 30 and 40 and for
ΔLx and ΔLy are approximately 200 m. Therefore, the values of the
numerator and denominator in equation C-7 are approximately the
same and we can roughly rewrite the speedup as

Speedup ≈
ΔLxΔLy

2ΔxΔy
: (C-9)

APPENDIX D

CONSTRUCTING THE TABLE r!pm; t"
We present here an approximate method to construct the table of

subsurface scattering points rðp̄m; t̄Þ as a function of the discrete
samples of midpoint ray parameter p̄m and two-way traveltime t̄.
For a source-receiver pair with the midpoint at a beam center, we

first average the rms velocities along the horizontal planes to create
a laterally invariant velocity cube VðrÞ, whose spatial coverage is
determined by the maximum migration (or modeling) aperture.
Next, for each sample of the velocity cube, we calculate the two-

way traveltime table tðrÞ using equation 1 as well as the ray param-
eter components pmðrÞ ¼ ðpmx; pmyÞ using

pmx ¼
∂ts
∂xs

þ ∂td
∂xd

; pmy ¼
∂ts
∂ys

þ ∂td
∂yd

: (D-1)

Then, by looping over the samples of the velocity cube, we find
the active samples of rðp̄m; t̄Þ by evaluating

p̄m ¼ NINT

"
pmðrÞ
dp̄m

#
dp̄m; t̄ ¼ NINT

"
tðrÞ
dt̄

#
dt̄;

(D-2)

where NINT is the nearest integer function and dp̄m and dt̄ are the
sampling intervals of p̄m and t̄, respectively, and then we assign r
to rðp̄m; t̄Þ.
At last, we fill in the holes of rðp̄m; t̄Þ using interpolation, fol-

lowed by a spatial smoothing, to obtain the final table. Due to
the lateral invariance of the velocity cube, once we construct a table
of subsurface scattering points for one beam center, it can be repeat-
edly used for other beam centers as well.
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