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Least-squares Gaussian beam migration in viscoacoustic media

Yubo Yue', Yujin Liu?, Yaonan L3,

ABSTRACT

Because of amplitude decay and phase dispersion of seis-
mic waves, conventional migrations are insufficient to produce
satisfactory images using data observed in highly attenuative
geologic environments. We have developed a least-squares
Gaussian beam migration method for viscoacoustic data imag-
ing, which can not only compensate for amplitude decay and
phase dispersion caused by attenuation, but it can also improve
image resolution and amplitude fidelity through linearized
least-squares inversion. We represent the viscoacoustic Green’s
function by a summation of Gaussian beams, in which an at-
tenuation traveltime is incorporated to simulate or compensate
for attenuation effects. Based on the beam representation of the
Green’s function, we construct the viscoacoustic Born forward
modeling and adjoint migration operators, which can be effec-
tively evaluated by a time-domain approach based on a filter-
bank technique. With the constructed operators, we formulate a
least-squares migration scheme to iteratively solve for the op-
timal image. Numerical tests on synthetic and field data sets
demonstrate that our method can effectively compensate for
the attenuation effects and produce images with higher reso-
lution and more balanced amplitudes than images from acous-
tic least-squares Gaussian beam migration.

INTRODUCTION

Anelastic properties of a subsurface medium cause amplitude de-
cay and phase dispersion of seismic wavefields, which inevitably
lead to poor images with incorrect kinematic and dynamic informa-
tion, especially in highly attenuative geologic environments. To
ensure an accurate recovery of subsurface reflectivity, the quality
factor (Q), which is commonly used to quantify attenuation effects
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(Aki and Richards, 1980), needs to be taken into account during
seismic data processing.

Early attempts to mitigate the attenuation effects have applied an
inverse Q filtering to the prestack records (Bickel and Natarajan,
1985; Hargreaves and Calvert, 1991; Wang, 2002). However, this
method is based on wave back propagation in 1D Q models, so it
is inaccurate when handling spatial-variant attenuation in areas with
geologic complexity. Nonstationary deconvolution (Margrave et al.,
2003, 2011) is another widely used method to perform attenuation
compensation, in which nonstationary wavelets are extracted and
then used for deconvolution. However, it is challenging to accurately
estimate time-variant and frequency-dependent wavelets, especially
for data with a low signal-to-noise ratio (Van der Baan, 2012).

Because wavefield attenuation occurs during the wave propaga-
tion process, it is natural and physically more accurate to correct for
attenuation effects in prestack depth migration (Xie et al., 2009;
Zhang et al., 2010; Valenciano et al., 2011; Zhu et al., 2014).
Ray-based migrations (Xie et al., 2009; Xin and Hung, 2009;
Bai et al., 2016) can be generalized to viscoacoustic media by incor-
porating an attenuation traveltime, which are integrated along rays
traced in the spatial-variant Q model. One-way wave-equation
migrations are commonly implemented in the frequency domain, in
which amplitude and phase corrections can be implemented by
reversing the imaginary part of the complex-valued velocity during
the extrapolation of receiver wavefields (Mittet et al., 1995; Yuetal.,
2002; Zhang and Wapenaar, 2002; Mittet, 2007; Zhang et al., 2013).
Incorporating attenuation compensation into reverse time migration
(RTM) can be implemented using different rheological models, in-
cluding the standard linear solid model (Carcione, 2007; Deng and
McMechan, 2008) and the constant-Q model (Zhang et al., 2010;
Zhu and Harris, 2014; Zhu et al., 2014). Yang and Zhu (2018)
derive a viscoacoustic RTM using a complex-valued time-domain
viscoacoustic wave equation.

Conventional migration methods are commonly regarded as
the adjoint operators of forward modeling rather than the inverse
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operators (Claerbout, 1992). They are usually incapable of producing
satisfactory images with high resolution and amplitude fidelity be-
cause seismic data are acquired with finite acquisition coverages,
band-limited source wavelets, and sometimes uneven subsurface il-
lumination. To mitigate these problems, least-squares migration
(LSM), which approximates the inverse operator of forward model-
ing by iteratively seeking a reflectivity model that best predicts the
observed data, has been developed. LSM can be implemented using
the Kirchhoff integral (Nemeth et al., 1999; Duquet et al., 2000), one-
way wave-equation propagator (Kaplan et al., 2010; Huang and
Schuster, 2012), or two-way wave-equation propagator (Dai and
Schuster, 2013; Zhang et al., 2015; Chen et al., 2017). Hu et al.
(2016), Yang et al. (2018), and Yue et al. (2019a, 2019b) show that
LSM also can be effectively implemented in terms of Gaussian
beams, providing a competitive alternative to existing LSM methods.

Incorporating attenuation compensation into LSM methods can
strengthen our ability to improve the resolution and amplitude fidel-
ity of migration images in viscoacoustic media. Kirchhoff LSM is
typically used for migrating viscoacoustic data (Shao et al., 2017;
Wu et al., 2017). Although it is efficient and flexible, it suffers from
the limitations of the classic ray theory, including the singularity
problem at caustics and the inability to image multiarrivals (Gray
et al., 2001). Least-squares RTM (LSRTM) is another common
choice for viscoacoustic data imaging (Dutta and Schuster, 2014;
Sun et al., 2016; Chen et al., 2017; Yang and Zhu, 2019). It is ac-
curate even for complex structures. However, because the computa-
tional cost of viscoacoustic LSRTM per iteration is usually more
than six times that of a standard acoustic RTM (Dutta and Schuster,
2014; Yang and Zhu, 2019), the expense of a whole LSM inversion
is often prohibitively high.

To provide an effective approach of viscoacoustic LSM, we propose
a viscoacoustic least-squares Gaussian beam migration (LSGBM)
method. We first express the viscoacoustic Green’s function by a sum-
mation of Gaussian beams (Hill, 2001; Gray and Bleistein, 2009), in
which an attenuation traveltime is incorporated to simulate the attenu-
ation effects (Keers et al., 2001). Then, based on the beam represen-
tation of the Green’s function, we construct the linearized Born
modeling and adjoint migration operators, which can be effectively
evaluated using a time-domain approach based on a filter-bank tech-
nique (Ferber, 2005). Instead of an attenuative migration operator de-
celerating the convergence rate of LSM (Dutta and Schuster, 2014;
Chen et al., 2017), we reverse the sign of the amplitude decay term
in the Green’s function to achieve an amplitude-compensated migra-
tion, and we apply a maximum-limited gain function (Zhang et al.,
2013) to stabilize the compensation. With the constructed forward
modeling and migration operators, we formulate a least-squares inver-
sion and iteratively solve for the optimal image using preconditioned
conjugate gradients (Nemeth et al., 1999). To verify the feasibility and
effectiveness of the proposed method, we use synthetic and real exam-
ples to show that viscoacoustic LSGBM is capable of compensating
for the attenuation effects and producing images with higher resolution
and more balanced amplitudes than images from acoustic LSGBM.

METHODS

Viscoacoustic Green’s function as a sum of Gaussian
beams

Using the correspondence principle (Ben-Menahem and Singh,
1981), we can treat wave propagation in an viscoacoustic medium

as propagating through an acoustic medium with a frequency-de-
pendent complex velocity vc(X, @), which can be expressed in
terms of an acoustic velocity v,(x) and a frequency-independent
quality factor Q:

ve(x.w) = vo(x)| 1 +%iQ‘1(X) +%Q“(x) In <wﬂo)]
e

where w, is a reference frequency for attenuation-related calcula-
tions; if the attenuation is small (Q~'(x) & Lt; 1), then the attenu-
ation does not alter the raypaths, but it affects the waveform through
a frequency-dependent dissipation function (Keers et al., 2001):
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where the first and the second exponential terms on the right side of
equation 2 represent the energy absorption and phase shift, respec-
tively. The term 7,(x,x’) is an attenuation traveltime integrated
along the central ray propagating from x’ to x (Cerveny, 2001):

TQ(X,X’):/ Lds. 3)

Accordingly, we can express the viscoacoustic Green’s function
in terms of Gaussian beams as
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where p = (py, py. p.)T is the initial ray parameter of the central
ray radiating at the surface; Ag(x,x’) and A;(x,x') are the real and
imaginary parts of the beam amplitudes, respectively; and 7z(x, x’)
and 7;(x,x’) are the real and imaginary parts of the beam travel-
times (Hill, 2001; Gray and Bleistein, 2009). Note that, different
from the attenuation traveltime that varies only along the central
ray, the beam traveltimes, respectively vary away from the central
rays through the medium.

To verify the correctness of equation 4, we compare the wave-
forms of its real and imaginary parts at 20 Hz with that of the exact
viscoacoustic Green’s function (Carcione et al., 1988) in a viscoa-
coustic medium with a constant velocity v = 2000 m/s and Q = 40
(see Figure 1). The results show that they have a good agreement in
amplitude and phase, confirming the validity of equation 4.

Viscoacoustic Gaussian beam Born modeling

In acoustic media, the Born modeling formula for single scattered
waves can be expressed in the frequency domain as (Aki and Ri-
chards, 2002)
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(%, X, 0) = / dxm(X)F(0)G(x,%,,0)G(x.%,,0), (5)

where u(x,, X,, w) represents the modeled pressure wavefields with
the source and receiver locations denoted by x, and x,, respectively;
F(w) is the source spectrum; m(X) = §v(x)/vo(x) is the reflectivity
at subsurface scattering point x due to a velocity perturbation dv(x)
from the background velocity wvy(x); and G(x,X,,w) and
G(x,X,, ) are the down- and upgoing Green’s functions, respec-
tively. After inserting equation 4 into equation 5 and the derivations
in Appendix A, we arrive at the viscoacoustic Gaussian beam Born
modeling formula:

dp,.dp,

u(xr’xs’w):_(I)Z//%U(L’prww)
L r

L|2

Wo

Xexp

—iop, - (x, ‘ ] ©)

where @ is a frequency-dependent term defined in equation A-7; L
represents the sparsely sampled beam center locations with spacing
AL = (AL,, AL,); and @, and w, are the beam reference frequency
and initial half-width for Gaussian beam propagation (Hill, 1990,
2001; Gray, 2005), respectively. The term U(L,X,,p,, ) is the
modeled local plane-wave component at each beam center location,

which can be expressed as
d sxd S
U(L,x,,p,,®)= /dxm // PsxGPsy
Psz
X [AR (vas) + lAI(L’Xv)}

xexp{iw [TR(Lva)'F,l,TQ(L’XS)In;j }
o))

T

Xexp {—an,(L,xs) —o—— @)
where the amplitudes Ax(L,x,) and A;(L,x,) and traveltimes
1r(L,X;), 7;(L,X,), and 74(L,X,) are defined in equations A-2
to A-4 in Appendix A. Equation 6 is a tapered inverse slant stack
that spreads the modeled plane waves in equation 7 from each beam
center location to the nearby receiver wavefields. Because the evalu-
ation of equation 7 is the innermost step of viscoacoustic Gaussian
beam Born modeling, a time-domain implementation based on a
filter-bank technique (Ferber, 2005) is given in the next section
to ensure an efficient evaluation.

Time-domain approach based on a
filter-bank technique

0 1.2

where § is the Dirac delta function, ® denotes convolution, and
f(t.71.70) is a time-domain wavelet filtered by exp[—w(z;+74/2)]
and expliwzy In(w/w)/x),

@

—w (T[ n TZQ)] do, ©)

and superscript H denotes the Hilbert transform. It is clear that
f(t.7;,70) varies with subsurface scattering points, so direct evalu-
ation of equation 8 requires massive convolution operations for
all scattering points. Notice in equation 9 that exp[—w(z; + 7/2)]
causes only amplitude decay and exp[iwzy In(w/wy) /7] causes only

Flterrg) = / F(o) exp [—ia) (t _%,Q lnﬂ)
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Figure 1. A comparison between the exact Green’s function (the
solid black line) and the Green’s function in terms of Gaussian
beams (the dashed blue line) in a viscoacoustic medium with con-
stant » = 2000 m/s and constant Q = 40. (a) Real part comparison
and (b) imaginary part comparison between the two Green’s func-
tions at 20 Hz.
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We apply inverse Fourier transform to equa-
tion 7, and we arrive at an equivalent expression
in the time domain (the terms in parentheses la-
beling amplitudes and traveltimes are omitted for
simplicity):

" " [dpgdpy,
U(L,xs,p,,t):/dxm(x)//%
X[Agd(t—12)® f(t,7;,7¢)

—A8(t—1p) ® fH (1, (t.71,70)] (8)

v =2000m/s, Q = 60

v =2400m/s,Q = 50

v =2700m/s,Q = 40

Figure 2. A synthetic plane-layer model. (a) Velocity model and (b) reflectivity.
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mild phase shift, so here we can present an approximate evaluation of
equation 8 based on the filter-bank technique.
First, we create a 2D bank of the filtered wavelets:

Flra.h) = / Flo )exp[_,w<t_lfgln£>

2}
. z'k
—a)(f}+7Q>:|da), (10)
a) Offset (km) b) Offset (km)
—02.0 0.0 2.0 —02.0 0.0 2.0

r = N

s

3.0 3.0
Figure 3. The simulated shot gathers. (a) Nonattenuated data using
acoustic Gaussian beam Born modeling and (b) attenuated data us-
ing viscoacoustic Gaussian beam Born modeling.
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Figure 4. Waveform comparison of the zero-offset trace between
nonattenuated data (the blue line) using acoustic Gaussian beam
Born modeling and attenuated data (the red line) using viscoacous-
tic Gaussian beam Born modeling.
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Figure 5. Migration results for the plane-layer model. (a) Acoustic LSGBM image with
nonattenuated data and (b) viscoacoustic LSGBM image with attenuated data.

where
fi :jATI,

y 0<j<J,
T]é = kAzg,

0<k<K, (11)

are discrete samples of 7; and 7, respectively; J and K are the num-
bers of samples; and Az; and Az, are the sampling intervals, re-
spectively. In Appendix B, we discuss the optimal selections of
these parameters, which should not only be dense enough to main-
tain interpolation accuracy, but also be as sparse as possible to keep
the total number of filtered wavelets to a minimum.

Then, loop over the source beams in equation 8, and for the scat-
tering points with 7; and 7, satisfying the condition of

D*(x) = {x|(r] - At < 7; < 7] + A1)
N (e — Atg < 1o <7h + Atg)}.  (12)

smear their reflectivity amplitudes to temporary output gathers
R/*(t) and I’*(¢) using beam amplitudes and traveltimes:

RI*(1) :/ // Dy iy (1~ 1),
DIk(x

A1) = Ak( m X)dx//%W{,W"QAlé(t—TR),
/R (x sz

(13)
where W) =1— |z, — 7j|/At; and Wk =1 - |z — 75| /Azy are
the bilinear interpolation weights.

Finally, we convolve R/*(z) and I/*(r) with the corresponding
filtered wavelets f (¢, 7}, 7f) and FH (1,1, 74), respectively, and then
we add the results together to obtain the modeled plane waves:

J K
U(L’Xs’pr’ = ZZU t’ ’T
j=0 k=0
® RI(1) = (1,71, 7h) @ P¥(1)].  (14)

By comparing the computational cost between equations 8 and
14, we can find that the number of smearing operations is compa-
rable but the number of convolution operations of the former is far
less than the latter.

Viscoacoustic Gaussian beam migration

Migration is defined as the adjoint operator of
forward modeling:

= /da)/dx,a)zF*(a))G*(x,xs,a))
X G*(X, X, ), (15)

where superscript * denotes complex conjuga-
tion. The complex conjugate of equation 4 leads
to an anticausal Green’s function G*(x,x’, ®)
that still contains the amplitude decay term
exp[—wry(x,x’)/2], which not only decreases
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the resolution of the adjoint migration image, but also decelerates
the convergence of LSM (Chen et al., 2017). To compensate for the
amplitude decay in migration, we write a modified anticausal
Green’s function G*(x,x’, ) as

j dp.d
G xxw) =22 [ LD () = i .
z

X exp{—ia) |:TR(X,X/) +1TQ(X,X/) lnﬂ} }
n

@
7o(X, X’)]

> 16)

X exp {—an',(x, x)+w

by reversing the sign of the amplitude decay term. Using this Green’s
function in migration allows compensation for the amplitude decay in
the recorded data caused by attenuation. After inserting equation 16
into equation 15 and then applying the same strategies as we did in
equations A-5 and A-6 to accelerate the migrations, we arrive at the
expression of viscoacoustic Gaussian beam migration (GBM):

ﬁ’l(X) _ _Z // dpsxdpsy // dprxdpry
L Psz Pr:

X [ARSL(Py 1 = Tr, 71, Tg) + ALSE (Pro 1 = TR, 715 Tg)],

a7
where Sy, (p,, 7, 7;,7p) is bilinearly interpolated by
SL(prv I, 7y, TQ) = W;WESL(I)N Z, 1;9 Tlé)
+ Wi WESL(p, 7))
+ WiWE ! Sy (p,. 1.7 75 )
+ Wi WES (p,. e L ). (18)

and Sy, is a bank of filtered beam components evaluated at discrete 7,
and 7y:

Su(pnt.rc) =0 [ doF (@) [dxuts,x,.0)

|Xr_L|2:|

. [0}
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1 i T
X exp [—iw—erlnﬁ—a)r}—i—w—Q]. (19)
n [oN 2

To stabilize the amplitude compensation in the a) o 18

3.6 5.4 7.2 9.0

where 1 = an"é /2, and G denotes a predefined gain limit. As # in-
creases, the gain function smoothly tends to a constant rather than
infinity.

LSM

With the constructed forward modeling and adjoint migration op-
erators, we formulate a viscoacoustic LSGBM scheme to seek the
optimal image that best predicts the observed data. The objective
function of viscoacoustic LSGBM is defined as

1.2

—— Reflectivity
o —— Viscoacoustic LSGBM
k] —— Acoustic LSGBM
2 06
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&
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191
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Figure 6. Waveform comparison of traces at x = 3.0 among the
acoustic LSGBM image using nonattenuated data (the black line),
the viscoacoustic LSGBM image using attenuated data (the blue line),
and the true reflectivity (the red line).
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Figure 7. Normalized misfit functions versus iterations for acoustic
LSGBM (the blue line) and viscoacoustic LSGBM (the red line).
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evaluation of equation 19, we apply a smooth 0t
and maximum-limited gain function proposed
by Zhang et al. (2013), in which the amplitude
compensation factor exp(wr},/2) is replaced by
a gain function ¢(7):

z (km)

exp(n), nSIn((G)),
- 1.1G, n>1n(G)+0.2,
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(20) Figure 8. A synthetic multilayer model. (a) Velocity model and (b) Q model.
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Jo(m) = |[Lom—dy|3 + p/jm|}3, @n

where the first term on the right side of equation 21 is the data misfit
function and the second term is a Tikhonov regularization term
(Nolet, 1987; Nemeth et al., 1999) that promotes a smooth image,
L is the viscoacoustic Gaussian beam Born modeling operator, m
is the image, d,, is the observed data that suffered from attenuation,
and y is a scalar parameter to balance the trade-off between data
fitting and smoothing regularization. We use a preconditioned con-
jugate gradient method (Nemeth et al., 1999) to iteratively solve
equation 21, in which the preconditioner is the inverse of diagonal
Hessian (Plessix and Mulder, 2004) efficiently evaluated using
beam tables (Yang et al., 2018).

X (km)
3.6

0 1.8

5.4 7.2 9.0 0 1.8

z (km)

Figure 9. Migration results for the multilayer model. (a) Acoustic GBM image,
(b) acoustic LSGBM image, (c) viscoacoustic GBM image, and (d) viscoacoustic

LSGBM image.

Offset (km) Offset (km)
a) 0.0 1.8 3.6 b) 0.0 1.8 3.6 C) 0.0
0 0 0
14 14 14
2.8 2.8 2.8

Offset (km)
1.8

Yue et al.

NUMERICAL EXAMPLES

The effectiveness of viscoacoustic LSGBM is tested with synthetic
and field data examples. The first example is a simple plane-layer
model, which is used to demonstrate the ability of viscoacoustic
LSGBM to compensate for the attenuation effects contained in attenu-
ated data. The second synthetic and field data examples are used to
demonstrate the superiorities of viscoacoustic LSGBM over adjoint
GBM and acoustic LSGBM when migrating attenuated data. In the
following, acoustic GBM and viscoacoustic GBM refer to the first
iteration of acoustic LSGBM and viscoacoustic LSGBM, respectively.

Plane-layer model

A simple plane-layer model is used to test viscoacoustic LSGBM.
The model has a grid size of 301 x 301, with lateral spacing of 20 m
and vertical spacing of 10 m. The subsurface
velocity and Q models are shown in Figure 2a,
and the corresponding reflectivity is shown in
Figure 2b. An explosive source is placed at
x = 3.0 km, and 201 receivers are evenly distrib-
uted around the source with spacing of 20 m. A
Ricker wavelet with 20 Hz peak frequency is used
as the source function.

We first use Gaussian beam Born modeling to
simulate two types of synthetic shot gather. The
nonattenuated data simulated using acoustic Gaus-
sian beam Born modeling (a comparison with the
exact acoustic solution can be found in Yue et al.,
2019a) are shown in Figure 3a, and the attenuated
data simulated using viscoacoustic Gaussian beam
Born modeling are shown in Figure 3b. Figure 4
further compares the waveforms of their zero-oft-
set traces. It is evident that the attenuated data
show amplitude decay and phase dispersion when
compared with the nonattenuated data.

Because adjoint migration is insufficient to re-
cover the true reflectivity with high resolution
and amplitude fidelity, we migrate the nonattenu-
ated data using acoustic LSGBM and the attenu-
ated data using viscoacoustic LSGBM. The
produced images are shown in Figure 5a and 5b,
respectively. We can see that, despite the input
data having quite different dynamics characteris-
tics, the produced viscoacoustic LSGBM
36 image is similar to that of acoustic LSGBM,
demonstrating a correct attenuation compensa-
tion in viscoacoustic LSGBM. The waveforms
of both LSGBM images at x = 3.0 km along with
the true reflectivity are further compared in Fig-
ure 6, and the convergence curves of the LSGBM
are displayed in Figure 7. We can see that both
LSGBM methods achieve a good recovery of the
true reflectivity and produce almost identical in-
version results at similar convergence rates.

Multilayer model

Figure 10. Data comparison (plotted on the same scale) among (a) the observed shot

gather, (b) the modeled shot gather using the viscoacoustic LSGBM image shown in

Figure 9d, and (c) the data residual between (a) and (b).

We use a complex layered model to demon-
strate the advantages of viscoacoustic LSGBM
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over acoustic LSGBM in migrating the attenuated data. Figure 8
shows the velocity model and Q model. The Q values range from
20 to 50, except the first layer with Q = 2000. The grid size of the
model is 750 X 750, with lateral spacing of 12 m and vertical spac-
ing of 4 m. A total of 342 single-sided shot gathers are simulated
using an O (2,8) time-space-domain finite-difference solver of the
viscoacoustic wave equation (Dutta and Schuster, 2014). The shot

1 T T T T T T T
B e AcoOUStic LSGBM i
——4—\/iscoacoustic LSGBM
0.8 |- 1
= L |
2
£ 06 )
o
[0}
N B 1
©
E 04 -
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1 3 5] 7 9 1 13 15
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Figure 11. Normalized misfit functions versus iterations for acous-
tic LSGBM (the blue line) and viscoacoustic LSGBM (the red line).
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a) 0.0 4.0 8.0 12.0 16.0 20.0
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spacing is 24 m and each shot gather has 300 traces with spacing
of 12 m. A zero-phase Ricker wavelet of 20 Hz peak frequency is
used in the wavefield simulation and migrations. Figure 10a shows
the first shot gather after muting the first arrivals, and we can see
that the synthetic data show strong amplitude decay and phase
dispersion caused by subsurface attenuation.

Acoustic LSGBM s first applied to the synthetic data. The pro-
duced acoustic GBM image and acoustic LSGBM image are shown
in Figure 9a and 9b, respectively. Although the acoustic LSGBM im-
age shows improved resolution over the acoustic GBM image in the
shallow layers with weak attenuation, both images are blurred in the
deeper regions with strong attenuation, in which migration amplitudes
are weak and imaging phases are incorrect. We then migrate the data
with viscoacoustic LSGBM. The produced viscoacoustic GBM image
and viscoacoustic LSGBM image are shown in Figure 9¢ and 9d, re-
spectively. Compared with the acoustic LSGBM image, the improve-
ments of viscoacoustic LSGBM image are evident in the deeper
region with strong attenuation. Not only is the resolution improved,
but the migration amplitudes are more balanced as well. Because vis-
coacoustic LSGBM compensates for the attenuation effects, the cor-
rect migration phases in Figure 9c and 9d are also restored. We
compare the observed shot gather and the modeled shot gather after
viscoacoustic LSGBM, as well as their data residual, in Figure 10.
Evidently, the similarity between the observed and the modeled
data confirms the good convergence of the data residual in viscoacous-
tic LSGBM. As shown in Figure 11, viscoacoustic LSGBM also
achieves a faster convergence than acoustic
LSGBM does. This is because viscoacoustic
GBM compensates for the amplitude loss con-
tained in attenuated data and produces a balanced
gradient that is closer to the true reflectivity and is
100 thus helpful to accelerate the convergence rate.

16.0 20.0

200

50 &

2D field data

Viscoacoustic LSGBM is finally tested with a
2D real data set. The data set has a total of 262

Figure 12. A 2D real data set. (a) Velocity model and (b) QO model.
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Figure 13. Acoustic Gaussian beam image, where the dotted and
solid black boxes indicate the weak and strong attenuated regions
used for imaging comparison in Figures 17 and 18, respectively.

shot gathers, evenly deployed on the surface with
60 m spacing, and each shot gather has 337 dou-
ble-sided receivers with 30 m spacing. We have
applied a traditional data processing workflow to

1.5 5.1 8.7 12.3 15.9 19.5

z (km)

Figure 14. Acoustic least-squares Gaussian beam image.
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Figure 15. Viscoacoustic GBM image.
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Figure 16. Viscoacoustic LSGBM image.

Figure 17. Magnified migration results of the weak
attenuated region marked by the dotted black box in
Figure 13. (a) Acoustic GBM image, (b) acoustic
LSGBM image, (c) viscoacoustic GBM image,
and (d) viscoacoustic LSGBM image. Note that
the black arrows indicate the events with improved
resolution in both LSGBM images compared with
those in the adjoint migration images.

the recorded data, including a near-surface Q-compensation to al-
leviate the strong surface-related attenuation effects, which is not
taken into account in viscoacoustic LSGBM. Figure 12 shows
the velocity model and the O model obtained by a ray-based Q to-
mographic inversion (Xin and Hung, 2009). A Ricker wavelet of
25 Hz peak frequency is used in the migration tests.

Eight iterations are required to achieve effective convergence in
both LSGBM methods. The data residual decreases approximately
35%—-40% for both inversions. The produced acoustic GBM, acous-
tic LSGBM, viscoacoustic GBM, and viscoacoustic LSGBM im-
ages are displayed in Figures 13-16, respectively. It is obvious
that viscoacoustic LSGBM achieves optimal images in terms of im-
age resolution and illumination among the four migrations. To make
better comparisons among these migration results, we compare all
of the images in Figures 17 and 18 for the dotted black and solid
black boxes shown in Figure 13, respectively. Similar to the pre-
vious example, the acoustic LSGBM image is similar to the viscoa-
coustic LSGBM image in areas with weak attenuation (Figure 17),
and they both have improved resolution (note the events marked by
the black arrows) in comparison with the acoustic GBM and vis-
coacoustic GBM images. However, in areas with strong attenuation
(Figure 18), the viscoacoustic LSGBM image is superior to the
other images because it not only reveals the thin layers (marked
by the black arrows), but it also achieves better structural continuity
and improved illumination.

Spectrum comparisons among the magnified views in Figure 18
are shown in Figure 19. We note that viscoacoustic LSGBM and
acoustic LSGBM broaden the image bandwidth when compared with
their adjoint migrations, whereas the viscoacoustic LSGBM result has
higher wavenumber content than the acoustic LSGBM counterpart,
which also verifies the enhanced resolution in Figure 18. The ob-
served shot gather, the modeled shot gather after viscoacoustic
LSGBM, and their data residual are compared in Figure 20. Evi-
dently, the modeled shot gather is a good prediction of the reflection
events in the observed data, whereas the data residual is mainly com-
posed of incoherent noise that cannot be modeled by LSM operators.




Downloaded 05/29/21 to 124.126.179.117. Redistribution subject to SEG license or copyright; see Terms of Use at http://library.seg.org/page/policies/terms

DOI:10.1190/ge02020-0129.1

Least-squares GBM in viscoacoustic media S25

DISCUSSION

The GBM is an effective imaging method
(Hill, 1990, 2001; Gray, 2005; Gray and Bleis-
tein, 2009; Yue et al., 2012), which has the ability
to image multiarrivals while retaining the advan-
tages of ray-based methods. In the previous sec-
tions, we have extended this method to linearized
least-squares inversion in viscoacoustic media
and developed a viscoacoustic LSGBM method
to compensate for the attenuation effects con-
tained in attenuated data.

The key to implement viscoacoustic LSGBM
is the use of a 2D filter bank that allows us to
effectively accommodate attenuation traveltime
7o and imaginary beam traveltime 7; at accept-
able costs. In the provided 2D numerical exam-
ples with moderate attenuation, viscoacoustic
LSGBM requires approximately 30%—50% more
computational time than acoustic LSGBM does.
As a comparison, the computational cost of vis-
coacoustic LSRTM is usually two or three times
that of standard acoustic LSRTM (Dutta and
Schuster, 2014; Yang and Zhu, 2019). However,
the direct extension of the filter-bank technique
to 3D migrations may cause a memory bottle-
neck plus a computational burden especially
when subsurface attenuation is strong because
we have to construct a 5D cube of beam components at each beam
center location. One possible way to alleviate this problem is to as-
sign a constant frequency (usually the dominant frequency) for the
exponential term in equation 4 that contains the imaginary beam
traveltime and controls the amplitude decay off the central ray. This
approach only needs to construct a 1D wavelet bank for attenuation
traveltime and has limited effects on the overall image quality. An-
other possible way is to compress the beam components by proper
beam compression techniques such as the sparse representation al-
gorithm based on the matching pursuit decomposition proposed by
Hu et al. (2015).

The strict adjoint operator of viscoacoustic Born modeling still
contains an amplitude decay term that not only decreases the res-
olution of adjoint migration but also decelerates the convergence of
LSM (Dutta and Schuster, 2014; Chen et al., 2017). To avoid this
problem, we reverse the sign of the amplitude decay term to intro-
duce an amplitude-compensated GBM. However, this approach in-
duces a stabilization problem that needs careful attention. Perhaps a

a) Offset (km) b) Offset (km) c)
—4.0 0.0 4.0 -4.0 0.0 4.0 —4.0
0 0

Offset (km)

Figure 18. Magnified migration results of the strong attenuated region marked by the
solid black box in Figure 13. (a) Acoustic GBM image, (b) acoustic LSGBM image,
(c) viscoacoustic GBM image, and (d) viscoacoustic LSGBM image. Note that the
events marked by the black arrows in the viscoacoustic LSGBM image have better res-
olution and structural continuity than those in the other images.

=1 AGBM mm ALSGBM mmVGBM mmVLSGBM

Amplitude (db)

0 10 20 30 40 50
Wavenumber (1/km)

Figure 19. Spectrum comparisons among the migration results
shown in Figure 18, where ALSGBM and VLSGBM represent acous-
tic LSGBM and viscoacoustic LSGBM, respectively, and AGBM and
VGBM represent the corresponding adjoint migrations.

Figure 20. Data comparison (plotted on the same
scale) among (a) the observed shot gather, (b) the
modeled shot gather after viscoacoustic LSGBM,
and (c) the data residual between (a) and (b).

0.0 4.0
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more applicable approach to accelerate the convergence rate is to
use a viscoacoustic deblurring filter (Aoki and Schuster, 2009; Chen
et al., 2017), which is estimated using point-spread functions con-
structed by attenuative forward modeling and adjoint migration
operators, thus avoiding the instability problem.

CONCLUSION

We have presented a viscoacoustic LSGBM method for imaging
attenuated wavefields in viscoacoustic media. By taking the attenu-
ation effects into account in least-squares inversion, this method not
only improves imaging resolution and amplitude fidelity, but it also
compensates for amplitude decay and phase dispersion caused by
attenuation. In addition, by using Gaussian beams as wavefield
propagators, this method also achieves a good balance between
computational cost and imaging accuracy, both of which are impor-
tant requirements for iterative LSMs. We have tested the proposed
method with 2D synthetic and real data sets. The results show that
viscoacoustic LSGBM is capable of producing images with higher
resolution and better illumination when compared with adjoint
GBM and acoustic LSGBM.
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APPENDIX A

VISCOACOUSTIC GAUSSIAN BEAM
BORN MODELING

In this appendix, an asymptotic solution for viscoacoustic Born
modeling is derived by representing the Green’s function as a
summation of Gaussian beams.

By inserting equation 4 into equation 5, we can express the viscoa-
coustic Born modeling formula in terms of beam amplitudes and trav-
eltimes:

>
u(x,, Xy, ®) = —4—7[2/dxm(x)F(w)

y / / dpgdps, / / dp.dp,,
pSZ prZ

X [AR(XW Xs) + iAl(er XJ)}

X exp{iw {TR(Xr,XS) + %TQ(X” Xs):l }

TQ (Xr’ Xs)

> ] (A-1)

X exp {—wrl(xr, X) — @

where Ag(X,,X,) and A;(x,,X,) are the real and imaginary parts, re-
spectively, of the product of the source and receiver beam amplitudes,

AR(er Xs) = AR(X’ Xr)AR (X, Xs) - AI(X’ Xr)AI (Xv Xs)’
Ap(X,,X,) = Ap(X,X,)A[(X, X,) + Af(X, X, )AR (X, X,), (A-2)

7x(X,, X,) and 7;(X,, X, ) are the real and imaginary parts, respectively,
of two-way beam traveltimes,

TR (Xr’ Xs) (X’ Xs) + TR (X’ Xr)7

= TR
71(%,%,) = 71(%,X,) + (%, X,), (A3)
and 7y(X,,X,) is the two-way attenuation traveltime
70(X Xy) = 79(X, X;) + 79 (X, X,.). (A-4)

To accelerate the computation of equation A-1, we first partition
the receivers into small regions by applying overlapping Gaussian
functions (Hill, 1990; Gray and Bleistein, 2009):

V3| | (ALAL, o | |x, — LJ?
=== | — | & 1 (A5
=l G DO B e SRR

and then we use beams radiating from the center of the regions
(beam center L) to approximate the Green’s function of the nearby
receivers by applying a phase shift exp[—iwp, - (X, — L)]. Then, we
arrive at the final 3D Born modeling formula:

dp,.d
M(erxwa)) = _q)z //%U(vasv prva))
L rz

—LI?
X exp [—iwpr - (x, - L)—‘ @ M} : (A-6)
o, 2wg
where
4 AL AL,
®= \/§w3 D=, (A7)
167° | o, Wy

AL, and AL, are the beam center spacings, and @, and wj are,
respectively, the selected reference frequency and initial half-width
of the Gaussian beams (Hill, 1990, 2001). The term U(L, X,, p,, ®)
is the modeled local plane-wave component:

dpodp,
U(L.x,.p,. @) = / dxm(x)F (o) / / IPxPsy
Psz

X [Ag(L,x,) + iA; (L, x,)]

1
X exp{ iw |:TR (L,x,) +—=7o(L.x,) lnﬂ} }
n

Wy
To (L, Xs)

> ] . (A-8)
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APPENDIX B
DETERMINING THE OPTIMAL Az; AND Az,

In this appendix, we discuss the determination of the samplings for
7; and 7. The optimal samplings should not only be dense enough to
maintain interpolation accuracy, but also be as sparse as possible to
keep the total number of filtered wavelets to a minimum.

The imaginary beam traveltime z; in equation 11 causes only am-
plitude decay of the filtered wavelets, but not phase shift. A common
choice for its maximum value and sampling number (Hale, 1992; Yue
et al., 2012) is

5
T}wax =—,J =10, (B-1)
wr
which, in turn, leads to
0.5
AT[ = (B_z)
0]

r

where the choice of w, is usually at the lower end of the seismic data
bandwidth.

The attenuation traveltime 7, in equation 11 causes an amplitude
decay plus a mild phase shift. Because the amplitude decreases
monotonically, we focus on the phase variation to determine
Az. In the constructed wavelet bank, the phase variation between
two nearby wavelets along the 7, axis should at least satisfy the
Nyquist criterion to avoid aliasing artifacts:

a)max Vs
S T

2] @max

1
—Aryln (B-3)
T

where w,,,, represents the higher end of the data bandwidth, and @,
is the reference frequency in equation 1, which is typically chosen
as the dominant frequency. Considering we are using linear inter-
polation to restore the signal, we halve the sampling interval to en-
sure accuracy, and then we arrive at

2
Aty = . (B-4)
© 26Umax ln(wmax/a)O)
Then, we can get the sampling number for 7,;
z.Iélax
J=—, (B-5)
ATQ
where ¥ is the maximum attenuation travetime, which can be

easily obtained during ray tracing.
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